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Abstract I 

n this paper we study the existence and uniqueness of the L'^p{R'^; K^) x Lp(R'^; R"^) valued solution 
of backward doubly stochastic differential equations with polynomial growth coefficients using week 
convergence, equivalence of norm principle and Wiener-Sobolev compactness arguments. Then we 
establish a new probabilistic representation of the weak solutions of SPDEs with polynomial growth 
coefficients through the solutions of the corresponding backward doubly stochastic differential equations 
(BDSDEs). This probabilistic representation is then used to prove the existence of stationary solution 
of SPDEs on via infinite horizon BDSDEs. The convergence of the solution of BDSDE to the 
solution of infinite horizon BDSDEs is shown to be equivalent to the convergence of the pull-back of 
the solutions of SPDEs. With this we obtain the stability of the stationary solutions as well. 
Keywords: SPDEs with polynomial growth coefficients, probabilistic representation of weak solutions, 
backward doubly stochastic differential equations, Malliavin derivative, Wiener-Sobolev compactness, 
stationary solution. 
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1 Introduction 

In this paper, we study SPDEs on M'^ with a polynomial growth coefficients of the following type 

dv{t, x) = [^v{t, x) + f{x, v{t, x))]dt + g{x, v{t, x))dBt. (l.f ) 

Here ^ is a second order differential operator given by 

^4t«.(-)a5:^+EMx)^. (1.2) 
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Browiiian motion _B is a Q- Wiener process with values in a separable Hilbert space U. Denote the 
countable base of U by {cij^^i then Q e L{U) is a symmetric nonnegative trace class operator 

oo 

such that Qci — XiCi and ^ Ai < oo. The coefficients / : R'^ x R-'^ 3 {x,v) n- f{x,v) e M"'^ is a 

1=1 

real-valued function of polynomial growth {p > 2); g ; M'' x R^ 9 {x,v) M> g{x,v) £ £^^(R^) is a 
Lipschitz continuous function, where Uq = Q^{U) C [/ is a separable Hilbert space with the norm 
< u,v >Uo—< Q~^u,Q~iv >ij and the complete orthonormal base {V^^iJiZi and is the 

space of all Hilbert-Schmidt operators from Uq to with the Hilbert-Schmidt norm. 

One of the goals of this article is to study the probabilistic representation to the solution of this equa- 
tion via the corresponding backward doubly stochastic differential equation (BDSDE) . Apart from us- 
ing the Feynman-Kac formula, the solutions of the backward stochastic differential equations (BSDEs), 
when they have some regularities (continuous and differentiable in classical sense, or the solutions and 
their weak derivatives exist in certain weighted L'^{M} ,dtdPp~^{x)dx) x L'^iW^,dtdPp~^{x)dx) space) 
can give a probabilistic representation of the corresponding PDEs. This has been achieved for classical 
solutions when the coefficients are smooth enough in Pardoux and Peng [3T] and for viscosity solution 
when the coefficients are Lipschitz continuous in [5T] and for weak solutions in [5] , [3] ) [HE] • When the 
coefficients are non-Lipschitz, researchers have made some significant progress. In |15| . Lepeltier and 
San Martin assumed that the R^-valued function /(r, x, y, z) satisfies the measurable condition, the y, z 
linear growth condition and the y, z continuous condition, then they proved the existence of the solution 
of the corresponding BSDEs. But the uniqueness of the solution failed to be proved since the compari- 
son theorem cannot be used under the non-Lipschitz condition. In Zhang and Zhao |29| , we proved the 
existence and uniqueness of the solution in the space S'^(R"'^, dtdPp^^{x)dx) x L'^{M.'^, dtdPp~^{x)dx) to 
BDSDEs under the monotonicity and linear growth conditions, without assuming Lipschitz condition. 
We also gave the probabilistic representation of the weak solutions of the corresponding SPDEs. Along 
the line of the viscosity solution, in [T3] , Kobylanski was able to solve the BSDE when the coefficients 
f{y,z) is of quadratic growth in z, with the help of Hopf-Cole transformation. In [30], Pardoux used 
weak convergence in a finite dimensional space to study the viscosity solution of the PDEs and the 
corresponding BSDEs when /(y, z) is of polynomial growth in y. As to the weak solutions of PDEs 
with polynomial growth coefficients and the corresponding BSDEs, the existing methods in BSDE were 
not adequate to solving the equation. In [30], we developed a new method to BSDEs using Alaoglu 
weak convergence theorem and Rellich-Kondrachov compactness embedding theorem to get a strongly 
convergent subsequence in the space L'^{M.^ , dtp^^{x)dx), and then using equivalence of norm princi- 
ple to get the convergent subsequence for BSDEs. We therefore established the correspondence of the 
solutions of BSDEs and the weak solutions of such PDEs. 

To solve the BDSDEs corresponding to SPDE (jl.ip when / is of polynomial growth in y, we can still 
use the Alaoglu weak convergence argument. But the key to make it work is to find a strong convergent 
subsequence. In the deterministic case, we use the estimate for Sobolev norm of the solutions of the 
sequence of BSDEs to get a strong convergent subsequence in {p~^ {x)dx) . But this method does 
not work for the BDSDEs as the subsequence choice may depend on w € i7. In this paper, we will 
develop a method using Wiener-Sobolev compactness argument to tackle the compactness problem for 
BDSDEs. First we estimate the Sobolev norm of the solution as well as the Malliavin derivative to 
get convergent sequence in L^{dtdPBP~'^{x)dx), then from equivalence of norm principle to pass the 
compactness to the solutions of BDSDEs in L'^{dtdPBdPwP~^{x)dx). The Wiener-Sobolev compact 
embedding theorem is a powerful tool in proving the relatively compactness of a random field. The 
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random version (independent of time and spatial variables) was obtained in Da Prato, Malliavin and 
Nualart [7j, Peszat [23]. This was extended later by Bally and Saussereau [4j. This has been extended 
to the space C[[0,T];L'^{dPdx)) and applied to study the existence of an infinite horizon stochastic 
integral equation arising in the study of random period solution in Feng, Zhao and Zhou [12] . Feng 
and Zhao llj. 

Our motivation to study the probabilistic representation is to use it to study the dynamics of the 
random dynamical system generated by the SPDEs, although the probabilistic representation and 
weak solution of BDSDEs with polynomial growth coefficients were interesting problems themselves 
and have their own interest. Stationary solution is one of the central concepts in the study of the long 
term behaviour of the stochastic dynamical systems generated by SPDEs. It is a pathwise equilibrium 
which is invariant, over time, along its measurable and P-preserving metric dynamical system 6t : 
i7 — > Q. In deterministic case, it gives the solution of elliptic equation. Due to the nature of the noise 
that is pumped to the system constantly, the stationary solution is random and changes along times. 
Therefore the study is rather difficult and no universal method, but important in order to understand 
the equilibrium and long time behaviour of stochastic systems. There are many works in the literature 
on the local behaviour of the solutions near a stationary solution, if exists (e.g. Arnold [T], Duan, Lu 
and Schmalfuss Mohammed, Zhang and Zhao [TS], Lian and Lu to name but a few). So the 
existence is a key to understand complexity of many random dynamical systems. Although there is no 
universal method applicable to generic problems, researchers have obtained many results to a variety 
of SPDEs e.g. Sinai [25], [26], Mattingly [17], E, Khanin, Mazel and Sinai [10], Caraballo, Kloeden 
and Schmalfuss [G', Zhang and Zhao [28], [29]. The cases of non-dissipative stochastic differential 
equations and SPDEs with additive noise has been obtained in Feng, Zhao and Zhou [H], Feng and 
Zhao [11 . In applications, stationary solutions also appear in many other real world problems, e.g. 
in the interpolation of data and image processing, the stationary solution of the stochastic parabolic 
infinity Laplacian equation gives the final restored image of the image processing in a random model 
(Wei and Zhao [23)- Note that in the corresponding deterministic model, the elliptic infinity Laplacian 
equation gives the final restored image as the limit of the solution of the infinity Laplacian equation 
(Caselles, Morel and Sbert 5 ). In this paper, we will solve the infinite horizon BDSDEs with the 
polynomial growth coefficients and therefore obtain the stationary solutions of SPDEs l|l.l[) . We will 
also prove that the convergence of the solution of BDSDE to the solution of infinite horizon BDSDEs 
is equivalent to the convergence of the pull-back of the solutions of SPDEs. Therefore, we obtain the 
convergence of the solution with a class of initial condition h converges to the stationary solution. 

2 Preliminaries and definitions 

We will study the weak solutions of the SPDE (|l.ip and the corresponding BDSDE in a Hilbcrt space 
(p- weighted L'^{dx) space). Utilizing this correspondence, we will give the probabilistic representation 
of the weak solution of SPDE (jl.ip on finite horizon with a given initial value and find the stationary 
solution of SPDE pi]) . 

For this purpose, we study first backward SPDE. Let {fl, P) be a probability space and B, W 
be mutually independent Brownian motions in U and W^, respectively. In Section 6, we choose B to 
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be time reversal Brownian motion of B so establish connection with forward SPDEs, especially its 
stationary solution. Here we consider general Brownian motion B. 
We first consider the following backward SPDE: 

u{t,x) — h{x)+ / [^u{s,x) + f{s,x,u(s,x))]ds 

T 

g{s,x,u{s,x))d''Bs, 0<t<T. (2.1) 

i 



/ : [0,r] X X ]Ri — !■ Ri and g : [0,T] x M'' x — > -C^JR^) are measurable. The stochastic 
integral g{s, x,u{s, x))d^ Bs is a backward stochastic integral which will be made clear later. 



Here ^ is given by with b : — > R'^, a = aa* : R'' — > R''^^. Assume h 

1^ g{s,x,u{s,x))d^ Bs is a backward stochastic integi 
Denote by L^(IR''; M.^) the space of measurable functions I : M'* — > such that J^^ P{x)p^^ {x)dx < 
oo. Define the inner product 

{h,l2) = / h{x)l2{x)p^^{x)dx, 

then Lp(M'';IR^) is a Hilbert space. Here p{x) = (1 + |x|)', q > d + 8p, is a weight function and 
p IS given m Condition (H.l). Similarly, denote by L^(M'';]Ri), k > 2, the weighted L space with 
the norm ||/||Lfc(fld) — {J^a l''{x)p^^{x)dx)i . It is easy to see that p{x) : K'' — > R^ is a continuous 
positive function satisfying J^^ \x\^p p~^{x)dx < oo. We can consider more general p{x) as in [2 and 
all the results of this paper still hold. But this is not the purpose of this paper. Note that due to the 
polynomial growth of /, we need u{t, •) e L'jPiR'^iR^) for t e [0,T]. 

Now define X*'^ to be the solution of the following stochastic differential equations for any given 
t > and a; e R'': 



Xl^'^ = x + j h{Xl^'')dr + j aiX;-'')dWr, s>t, 

X*'^ = X, 0<s<t. (2.2) 
The BDSDE associated with SPDE is 

y^*^- = /i(X^-) + f{r,Xl'\Y^'^)dr 

-J g{r,Xl'^X''')d'^Br~ j Q<t<s<T. (2.3) 

It is well known that B has the following expansion ([8 ): for each r, 

oo 

4 = 5Iv^/5j-Wej, (2.4) 



where 
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are mutually independent real- valued Brownian motions on {f2, P) and the series (j2.4p is convergent 
in L2(i7, ^, P). Set gj = g^/X]ej : M'* x x R'^ — > R^, then BDSDE is equivalent to 



J S 

-Y^f g,ir,X'^^^X'nd^Pj{r)- f (^^'^dW^r), < t < s < T. (2.5) 

For the convenience of readers, we need to recall the definitions of weak solutions of SPDEs and the 
Ml) X LliW^; W^) valued solutions of BDSDEs. Denote by TV the class of P-nuU sets of ^ and 

let 

^.^t^^.^tV-^M' forO<<<.s<T, ^.^^^i^ooV^M' forO<i<s, 

where for any process {ris)s>o, = criVr - Vf, < t < r < s}\/Af, = Vt>s -^s.t- 

First recall 

Definition 2.1 (Definitions 2.1, \28^ ) Let S be a separable Banach space with norm \\ ■ ||s and Borel 
a-field ,y and q>2, K > 0. We denote by M'^'^^ {[t, oo);S) the set o/^([i,oo)) ® .'^ j .9' measurable 
random processes {(j){s)}s>t with values in § satisfying 

(i) (f>{s) : f2 — > § is measurable for s > t; 
(iV) E\\^^-^%<\>{s)\\lds\<^. 

Also we denote by S'^'~^ {[t^oo)]§) the set of 3S{[t,oo))®,^ / measurable random processes {7/'(s)}s>t 
with values in § satisfying 

(i) ip{s) : f2 — >■ S is measurable for s >t and ip{-,uj) is a.s. continuous; 
(it) £;[sup,>,e-^1|V'(s)|||] <oo. 

If we replace time interval [t, oo) by [t, T] in the above definition, we denote the spaces by M'^'°([f, T];S) 
and S"^'°([f, T];S), respectively. Note that here e"-^" does not play role as T is finite, so we can always 
take K ^0. 

For the backward stochastic integral, let {5(s)}s>o be a stochastic process with values in C'fj^{H) 
such that g{s) is measurable for any s > and locally square integrable, i.e. for any < a < 6 < oo, 

||(7(s)|j^2 imds < oo a.s. Since is a backward filtration with respect to B, so from the one- 
dimensional backward Ito's integral and relation with forward integral, for < T < T', we have 

T ^ i-T'-t 

v/a7 < g{s)ej,fk > d'^Pjis) = ~ ^/X] < g{T' - s)ej,fk > d(3j{s), j,k = 1,2,- ■■ 

Jt'-t 

where /3j(s) = /3j (T' - s) - /3j (T'), j = 1, 2, • • •, and so Bs = Bt'-s - Bt' ■ Here {A-} is the complete 
orthonormal basis in H . From approximation theorem of the stochastic integral in a Hilbert space (cf. 
[8]), we have 

g{T' - s)dB, = ^ / 



nl —Z ' — ' nl ~l 

/ g{T' - s)dB, = E / < 9iT' ~ s)e,Jk > dp,{s)fk. 

JT'-T Jt'-T 

Similarly we also have 
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Jt ■ Jt 



It turns out that 

rT pT'-t 



pi pi -t 

/ g{s)SBs = - g{T' - s)dBs a.s. 

Jt Jt'-T 



Definition 2.2 A function u is called a weak solution of SPDE fljp if {u,a*Vu) e L^p{[0,T]; 



p 

(R'^;R^)) X L2([o,r];L2(Rd;]Rrf)) /or an arbitrary ip e C;?°(R'^; Ri), 



u{t, x)cp{x)dx ~ / h{x)if{x)dx — — i / (o'*Vu)(s, a::)(o'* V<y9)(a::)c?xc?s 

T 

u{sTx)div{{h — A)if^{x)dxds (2-6) 
f (^s, x,u(s, x))ip{x)dxds — / / g(^s,x,u{s,x))ip{x)dxd^ Bs, t £ [0,T]. 
Fere ^ i ^ti ^W^. <^^d A = (ii, is, • • •, ^)*. 

Remark 2.3 T/ie weak solution of forward SPDE il.l]) with initial value w(0,-) can be defined simi- 
larly. We also represent it in a form like v{t, •,w(0, •)) to emphasize its dependence on the initial value 
w(0, •), when it is necessary. 

We then give the definition for the L'jP{R'^;R^) x ^^(Rrf.Rrf) valued solution of BDSDE (|231) . 

Definition 2.4 A pair of processes is called a solution of BDSDE ifO|) if {Y*\Z^'') G 

S'2P^°([t,T];i2p(K<i;Ki)) X A.'P'"{[t,T];Ll{R'^;R'^)) and Z*'^) satisfies for a.e. x a.s. 

Remark 2.5 Due to the density of C^^{W^]«}) in Ll{W^;R^), we have, for a.e. x, (Y^t,x^n ^ ^t,x,n-^ 
satisfies i2. S\) is equivalent to for an arbitrary ip E C^(R.'^;R^), {Y^''^ , Zl'^) satisfies 

= / / /(r,X*^^,y;^^)^(a;)da;dr - / / g{r, X*'"" ,Y^^'=)ip{x)dxd^ Br 



T 

t.x 



( j Zl^''Lp{x)dx, dWr) P - a.s. 

To find the stationary solution of SPDE (fTTj) . we need to consider its corresponding infinite horizon 
BDSDE: 

e-~Krj^^t^^x^Y^,x-^dr + j Ke-^'-Y^'^^dr 

/QO poo 
e-''''g{Xl'\Y^''')SBr- j e-^''(Z*^% dPF,). (2.7) 

For the existence and uniqueness of the solution, we can study a more general form of the above infinite 
horizon BDSDE with time variable dependent coefficients and X*'^ is still the flow generated by ()2.2p : 

e''^''f{r,X:^''=X'ldr+ / Kq-^'-Y^^'' dr 

^ S 
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/oo pOO 
e'''' g{r,Xl--Xnd^Br- j e'^'■(Z*■^ dW^,). (2.8) 

Here / : [0, cx)) x M'* x — > M} , g : [0,cx)) x M'^ x — > 

Definition 2.6 A pair of processes (y^*'^,Zp) is called a solution of BDSDE ifOj) if Z*'') e 
S^P^-K f] ApP'-^ i[t,oo); LlP{R'^;R^)) x AP^-'^ {[t,oo); LliR'^;R'^)) and {Y^^"" , Zl^"") satisfies for 
a.e. X G a.s. 

For arbitrary T > t, the general connection between the solution of BDSDE (I2.7P and stationary 
solution of SPDE (ll.ip was established in Zhang and Zhao [33] . Such a connection is proved independent 
of T at which B is reversed to i? as shown in [28] , [29] . Therefore to find the solution of the infinite 
horizon BDSDE (I2.7P is the key to construct the stationary solution of SPDE (jl.ip . 

For fc > 0, denote by Cf^ the set of C'^-functions whose partial derivatives up to fcth order are 
bounded, but the functions themselves need not be bounded, otherwise if the functions themselves are 
also bounded, we denote this subspace of C/^^ by C^. The following generalized equivalence of norm 
principle is an extension of equivalence of norm principle given in jl4] . [3], [2] to the case when ip and 
^ are random. 

Lemma 2.7 (generalized equivalence of norm principle JEE^) Let X he the diffusion process defined in 
(KM> with b e Cli{R'^;R'^), a G Cj^(R'';R'' x R'^). If s € [t,T], ip : Q x R"^ — > R^ is independent of 
the a-field and ipp~^ S L^{Q x R'^), then there exist two constants c > and C > s.t. 

cE[( \^{x)\p-\x)dx]<E[( \ip{Xl-n\p~\x)dx]<CE[[ \^ix)\p'\x)dx]. 



Moreover if : Q x [t,T] x R'^ — > R\ !f (s, •) is independent of 3^^^ and ^p-^ e x [t,T] x R'^), 

then 



cE[[ [ \^{s,x)\p-^{x)dxds]<E[f [ \^{s,Xl^'=)\p-\x)dxds] 



T 



<CE[ / \>F{s,x)\p''\x)dxds] 



In the process of obtaining the stationary solution of SPDE p.ip , the proof of existence and unique- 
ness of solution to BDSDE (|2.3p is a crucial and challenging step. For this, we will start from studying 
BDSDE (|2.3p with finite dimensional noise in next two sections: 



T 



N „T pT 

-Y, g,(r,X;-%y,*---~)dt^,(r)- / (Z^'^'"^, dT^,), Q<t<s<T. (2.9) 

Actually, when N tends to infinity, the solution of BDSDE (|2.9p converges to the solution of BDSDE 
((23| which is equivalent to BDSDE ((23)) . 

The rest of this paper is organized as follows. In Sections 3, we consider approximating BDSDE 
with Lipschitz coefficients and then use Alaoglu lemma to get a weakly convergent subsequence. We 
further utilize the equivalence of norm principle and Malliavin derivatives to get a strongly convergent 
subsequence and prove the existence and uniqueness of the solution to BDSDE (|2.9p in Section 4. In 
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Section 5 we prove that BDSDE (|2.3p . its corresponding backward SPDE (|2.1I) and hence, by variable 
changes, SPDE (|l.ip . have a unique weak solution. The stationary properties of solutions of BDSDE 
(j2.7l) and SPDE (jl.ip are shown in Section 6 after proving the existence and uniqueness for solution 
of infinite horizon BDSDE (111)) . 



3 The weak convergence 



In this section, we consider BDSDE (12.91) which can be written as 



n*'- = h{X'^^) + f f{r,Xl^\Y^ndr- f {g{r, X^^^ X'^),d) B^) - f {Z^^^dWr). (3.1) 

J s J s J s 

for < t < s <T. Here B = /32, • • •, /3i) is a Z-dimensional Brownian motion. We assume 

(H.l). There exists a constant p>2 and a function /o : [0,T] x — > with 

lo Im^ \fo{s,x)\^Pp-\x)dxds < oo s.t. for any s e [0,T], x e y e R\ \f{s,x,y)\ < L{\fo{s,x)\ + 
\y\P) and \dyf{s,x,y)\<L{l + \y\P-^). 

(H.2). For the above p>2, and for any s, si, S2 G [0, T], x, xi, X2 G K'', y, 2/1,^2 G K^, 

\fis,xi,y) - f{s,X2,y)\ < L{1 + \y\P)\x, - X2I 

|5(si,xi,yi) -5(s2,X2,y2)| < - S2I + |xi - a;2| + |yi - 2/2|)- 

Moreover, dyf , dyg exist and satisfy 

\dyf{s,xi,y) - dyf{s,X2,y)\ < L{1 + \y\P-^)\xi - X2\, 
|a,/(s,x,yi) - 2/2)1 < L{\ + \y^\P-^ + \y2r^)\vi - 

\dyg{s,x,y)\ < L, 

\dyg{s,xi,yi) - dyg{s, X2,y2)\ < L{\xi - X2\ + \yi - y2\)- 

(H.3). There exists a constant e s.t. for any s e [0,r], x e K*^, yi,?/2 G R"^, 

(2/1 - 2/2)(/(s,a;,2/i) - f{s,x,y2)) < ^l\yl - 2/2!^ 

(H.4). For the above p > 2, /^^ |/i(a:)|8Pp-i(a;)da; < 00 and E[J^^ IKXp'') - h{X*^'')\'' p~^{x)dx] < 

L\t' -t\i for any 2 < q < 8p and X defined by (g^l). 
(H.5). The diffusion coefficients b G Cl^i^'^; M'*), cr G Cjf (K'*; R'^ x R''). 

(H.6). The matrix a{x) is uniformly elliptic, i.e. there exists a constant e > s.t. aa*{x) > eld- 



Remark 3.1 (i) In (H.l) and (H.4), the power 8p is determined by the estimates in Theorem^ 
(ii) Condition (H.4) is weaker than Lipschitz condition of h. This assumption is not for the sake to 
weaken the Lipschitz condition of h. When we consider the stationary solution in Section 6, we cannot 
prove that the stationary solution is Lipschitz in x, but we can prove that it satisfies Condition (H.4) 
in Lemma \6.8\ 

(Hi) The smooth condition (H.5) guarantees the existence of the flow of diffeomorphism. This is es- 
sential in the equivalence of norm principle (Lemma \2.7^ , which together with the uniform ellipticity 
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condition (H.6) implies the equivalence oj the norm between the solution of SPDE and the solution of 
BDSDE. See m Section I 

From (H.2) and the fact that \x\^Pp^^{x)dx < oo, we have 

sup / \g{s, x,0)\^P p-'^ {x)dx < oo. (3.2) 

It is easy to see that (^3*'^,^*^^) solves BDSDE for a.e. x e M'' if and only if (y;*'^,Zp) = 

(e^''F,*'^,e'^'*Z*'^) solves the following BDSDE: 

Y^'^ = h{X'^^) + f f{r,Xl'\Y^-ndr- f {g[r, Xl^\Y^^-),d^ B^) - f{Zl-\dWr), (3.3) 

J s J s J s 

where h{x) = e^-^/i(x), f{r,x,y) = e'^^f{r,x,e~'^^y) — fiy and g{r,x,y) = e^^ f{r,x,e~^^^y). We can 
verify that h, f and g satisfy Conditions (H.1)-(H.4) with a possibly different constant L. But, by 
Condition (H.3), for any s e [0, T], yi, G R\ a; e R"^, 

(yi - y2){f{s,x,yi) ~ f{s,x,y2)) 
= e2^^(e-''^2/i - e-''^2/2)(/(s, x, e'^^yi) - /(s, x, e'^^^y^)) - fi{yi ~ y2){yi - 2/2) < 0. 

Since (K*'-,Z.*'-) e 5'2P'0([t, T]; j^i)) ^ M'^''^{{t,T]; Ll{R'^;R'^)) if and only if (K*'', Z.*'') 

G S'2P'0([i, T]; L2p(Rd; Ri)) X M2'0([t, T]; L2(K<i. j^d))^ ^j^^jj^ (i;*.^, Z*-^) is the solution of BDSDE 

p.ip if and only if (F^*'^, .^g'"^) is the solution of BSDE p.3p . Therefore we can replace, without losing 
any generality. Condition (H.3) by 

(H.3)*. For any s G [0,T], x G M'*, yi,?/2 G M^, 

(2/1 - 2/2)(/(s,x,yi) - f{s,x,y2)) < 0. 

The main task of Sections 3 and 4 is to prove the following theorem about the existence and 
uniqueness of the solution of BDSDE p.ip . 

Theorem 3.2 Under Conditions (H.1)-(H.2), (H.3)*, (H.4)-'(H.6), BDSDE ( fO]) has a unique solu- 
tion (Y:*'-,Z.*'-) e 58p>0([t,r];L8p(Rd;Ri)) x M^'°{[t,T];Ll(R'^;R'^)). 

For this, a sequence of BDSDEs with linear growth coefficients are constructed. Assume that / in 
BDSDE satisfy Conditions (H.1)-(H.2) and (H.3)*. Firstly, for each nG N, define 

fn{s,x,y) = f{s,x,nn{y)) + dyf{s,x,^y){y - ^y)I{\y\>„}, 

\y\ \y\ 

where 7T„(y) = i2£(£iMy. Obviously, for any s G [0,T], xeR'^,ye R\ 

fn{s,x,y) — > f{s,x,y), as n ^ 00, 
and it is easy to check that /„ satisfies the following conditions: 

(H.l)'. For any s G [0,T], xeR^,ye R\ \fn{s,x,y)\ < L(|/o(s,x)| + (2(n A Iz/I)^"' + l)\y\) and 
\dyfr.{s,x,y)\<L{l + \y\P-^). 
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(H.2)'. For any se [0, T], x, Xi, X2 G y, 2/1, e K\ 

\fn{s,xi,y) - fn(s,x2,y)\ < 3L(1 + \y\'')\xi - xal, 

\dyfn{s,Xi,y) - dyfn{s,X2,y)\ < L{1 + \y\P^'^)\xi ~ X2\, 

\dyMs,x,yi) - dyfn{s,x,y2)\ < L{1 + jyir^ + \y2\P-')\yi - y2\. 
(H.3)'. For any s € [0,T], x G K^, yi,y2eR\ 

(2/1 - y2){fn{s,x,yi) - fn{s,x,y2)) < 0. 
We then study the foUowing BDSDE with coefficient /„: 



Notice that the coefficients h, /„ and g satisfy Conditions (H.1)'-(H.3)', (H.2), (H.4). Hence by Theo- 
rems 2.2 and 2.3 in [2^, we have the following proposition: 

Proposition 3.3 (1291) Under the conditions of Theorem \ 3.SX BDSDE {3.4^ has a unique solution 
(jt.x.n^2t,x,n^ e 5'2'0([i,T];L2(Rd.]^i)) ^ Kp''^ {[t,T]- LI{M.'^ ■M.'^)) . If we define F/'"''" = Un{t,x), then 
Un{t,x) is the unique strong solution of the following SPDE 

Un{t,x) ^ h{x) + / {^Unis,x) + fn{s,X,Un{s,x))}ds - / {g(s, {s,x)),d^Bs), (3.5) 

for < t < T . Moreover, 

u„(s,X*'^) = y,*^^'", (cr*Vu„)(s,X*'^) = Z*'^'" for a.e. s e [t,T], xeW^ a.s. 

The key is to pass the limits in p. 41) and p.Sp in some desired sense. For this, we need some 
estimates. 

Lemma 3.4 Under Conditions (H.1)-(H.2), (H.3)*, (H.4)-(H.6), i/ (K*' '", Z.*^'^") is the solution of 
BDSDE |j'.4[ ), t/ien we have for any 2 < m < 8p, 



sup£;[sup / \Y:^^^-rp-\x)dx]+snpE[r [ \Y, 



t,x.n\m — 1 



p (a;)(ia;ds] 



:,T], 

+ supE[f f |y,*'"'"r"'|Z*^"'"|2p-i(x)d:Eds] +supS[( / / |Z*^"'"|2p-i(a;)da;ds) ^] < c5o. 

The proof of the lemma follows some standard Ito's formula computation. So it is omitted here. 
Taking m = 2 in Lemma 13.41 we know 

svLpE[f [ \Y,'-''-''\^ p-\x)dxds]+ sup E[ [ [ |Z*'^^"|V"^(a;)da;ds] < oo. 

Define Ul'""'" = /„(s, Fj'^'") and F,*'^'" = c/(s, X*'^, i;*'^^"), s > i. Using Lemma EH again, we 
also have 

sup£;[ r [ (|r,*'"'"|2 + + |i7*'"'"|2 + |y,*'"'"np-i(:E)dxds] 
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< supC,E[ r [ (1 + |/o(s,X*-)p + |5(s,X*-,0)|2 + + 

n Jt JR'' 

< OO. (3.6) 

Here and in the following Cp is a generic constant. Then, according to the Alaoglu lemma, we know that 
there exists a subsequence, still denoted by (K*'''", Z.*' '", [/.*' '", V^*' '"), converging weakly to a hmit 
{Y.*',Z*',U*\V.*') in Ll{f2 x [t, T] x R'^; x M'' x x R'), or cquivalently L^{f2 x [i, T]; L2(Kd. ^ 
Rd) xL2(]^d. ]^i)xLl{R'^;R^)). Now we take the weak limit in ^^(/^x [t, T] xK''; R^)) to BDSDEs 

^t.X '7t,X Tjt.X Ti/t-X 



33), we can verify that (F/^"^, Z*-^, [7*^^, F/'^) satisfies the following BDSDE: 

y,*'" = /i(X^")+ / Ul^^'dr- ( {V^^\dBr)- I {Zl-^,dWr). (3.7) 



For this, we will check the weak convergence term by term. The weak convergence of Y*-'^-"^ is deduced 
by the definition of Y^'^ . We check the weak convergence of U^'^'^^dr. Let t] g L'j^i^^ x [t,T] x 
R'';Mi). Noticing sup„ E[jJ' J^^ |C/^*'^'"|2p-i(x)da;dr]ds < oo due to ([SID, by Lebesgue's dominated 
convergence theorem, wc have 

r / /^(C/;-^'" - U',ndrv{s,x)p-\x)dxds]\ 

Jt JR'' J s 

< f \E[f f {Ul-''-'' -Ul''')r^{s,x)p-'^{x)dxdr]\ds — ^ 0, as n ^ oo. 

Jt Js Jr'' 

To prove the weak convergence of j'^ {V^'^'"', dBr), first note that for fixed s and x, 77(3, x) e L^{f^', R^), 
hence there exist ip e L'^{n x [i,T] x M'^ x [<,T];M') and G L'^{n x [i,T] x R'* x [i,T];R'*) s.t. 
ry(s, x) = £^[?/(s, x)]+ {ipls, X, r),dBr)+ {4>{s, x, r), dWr) ■ Noticing that for a.e. s e [t, T], •, •) € 
L2(/7xR''x[t,r];M0, <l>{sr.-) G i2(|2xR''x [i,T];R'^) and sup„ £;[/J 4, \Vy-''-^\'^ p-^{x)dxdr]ds < 
00, by Lebesgue's dominated convergence theorem again, we obtain 

\E[[ [ [ {Vy-'^'' -Vy\dBr)r]{s,x)p-\x)dxds\\ 

Jt Jr'^ Js 

E[ / (V;*^^^" - V^^"" ,^{s,x,r))dr]p-^{x)dxds\ 

Js 

< [ \E[[ [ (V;*^^'"-y/'^,i/'(s,a;,r))p-i(x)d2;dr]|ds — ^ 0, as n -> 00. 

Jt Js JR"* 

For the weak convergence of last term, we can deduce similarly that 



\E[ / / {Z'^'^''' - Z'^'^,dWr)v{s,x)p-\x)dxds]\ 

Jt Jr'' Js 

< [ \E[[ I {Z'^'''^'' - Zl-'',(P{s,x,r))p-^{x)dxdr]\ds — ^ 0, as n -> 00. 



Needless to say, if we can show that BDSDE p.4p converges weakly to BDSDE (|3.ip as n — >■ 00, then 
we can say (F^*'^, Z*-^) is a solution of BDSDE The key is to prove that J7*'^ = /(s, X*-^, i;*'^) 

and V^''^ = g{s, Xl'^ ,Y^'^) for a.e. s € [t,T], x £ R'^ a.s. However, the weak convergence of y", [/", 
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and Z" is far from enough for this purpose. The real difhculty in this analysis is to establish the 
strong convergence of and Z", at least along a subsequence. 

4 The strong convergence 

To obtain the strongly convergent subsequence of y" and Z", we need to estimate the Malliavin 
derivatives to prove the relative compactness of F„ first. Let O be a bounded domain in R'^. Denote 
C^{0) the class of fc-times differentiable functions which have a compact support inside O. For ip g 
C^{0), we define v'^{s, ui) = v{s, x, U!)(p{x)dx. The following theorem proved in Bally and Saussereau 
[3] can be regarded as an extension of Rellich-Kondrachov compactness theorem to stochastic case. 
This kind of Wiener-Sobolev compactness theorem for time and space independent case was considered 
by Da Prato and Malliavin [7], Peszat [33]. One extension was given in Feng, Zhao and Zhou [H], Feng 
and Zhao [llj to replace norm in two variable by sup norm in the two variables, in order to apply 
it to infinite horizon stochastic integral equations. For the purpose of this paper, the norm used by 
Bally and Saussereau is enough. 

Denote by C^(R") the set of infinitely differentiable functions / : R" — !► R'^ such that / and all 
its partial derivatives have polynomial growth. Let K be the class of smooth random variables F that 
is = f(W{hi),- ■ ■,W{hn)) with n en, hi,- - -,K e i^([0,T]) and / G C^{W^). The derivative 
operator of a smooth random variable F is the stochastic process {DtF, t £ [0, T]} defined by (cf. [TO] ) 



We will denote D^'^ the domain of D in L^(J7), i.e. D^'^ is the closure of K with respect to the norm 



Theorem 4.1 (Theorem 2, I4U -^^^ (w,i)nGN be a sequence of L'^{[0,T] x [2;H^{0)). Suppose that 
("i; sup„£;[/p ||u„(s,-)||2^i(0)ds] <oo. 

(2) For all ^ G C^iO) and t e [0,T], u^{s) G D^-^ and sup,J^ ||<(s)||2 ^ .ds < oo. 

(3) For all ip G Cl:{0), the sequence {E[u'^])neN of L^{[0,T]) satisfies 
(3i) For any e > 0, there exists Q < a < (5 < T s.t. 



DtF = ^ -4(VF(/ii), • • -,W{h,,))h,{t). 



\\F\\l^^E[\F\^]+EmF\ 




Recall 




(3ii) For any Q < a < <T and h^M} s.t. \h\ < min{a,T - l3), it holds 



sup / \EK{s + h)] - EK{s)]\'ds < Cp\h\. 




(4) For all (fi G C^'(O), the following conditions are satisfied: 

(4-i) For any £ > 0, there exists < a < f3 < T and < a' < f3' < T s.t. 
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supE[[ \Dgu^{s)\'^d9ds] < e. 

n J\O.T]^\(a.B)x(a'.g') 



'[0,T]2\(a,/3)x(a',/}') 

(4ii) For any < a < 13 < T, < a' < < T and h,h' G s.t. max{\h\,\h'\) < min{a,a',T 
/3, T — /?'), it holds that 

rfs nf)' 

supE[ / \Dg+hKis + h')-DeK{s)\^deds]<Cp{\h\ + \h'\). 



Then (u„)„gN is relatively compact in L^{fl x [0,r] x 0;M}-). 

Using Theorem 14. 1[ we can verify that the sequence u„(s, x) in SPDE (|3.5p is relatively compact. In 
this process, some estimates on the Malliavin derivative of the random variable {Y, Z) w.r.t. Brownian 
motion B are needed. In what follows, we will need the following results whose proofs are deferred to 
Section 7. Throughout this paper, Malliavin derivative always refers to Malliavin derivative w.r.t. B 
unless we say otherwise. 

Lemma 4.2 Under Conditions (H.1)~(H.2), (H.3)* , (H.4)-(H.6), the Malliavin derivative of the so- 
lution (y^*.^'"^ of BDSDE Jg.^p exists and satisfies the following linear equation: 

= g{0, XY. rj'^'") + y ay/„(r, Xl^\ Yl'^^^)D,Y'^^''^^dr 

J S J S 

I DeF,*^^^" = 0, t<e<s. (4.1) 
Moreover, for any 2 < m < 8p, 

l-T 



sup sup £:[ sup / |i:'ei;*'^'"rp-i(a;)dx]+sup sup £;[/ / \DgY*^-'''-'^Y^ p-^{x)dxds\ 

+ sup sup E[f f |Dei;*'^'"r~^|De^*^^^"pp-i(a;)da;ds] 
n ee[t,T] Jt Jr'^ 

+ sup sup £;[( / / |De^*'^'"pp-i(a;)rfa;ds)^] < oo. 

n 9eH.T] Jt Jr'' 



Proof. From Condition (II.2)' and the results of [1] or (35], it is easy to know that the Malliavin 
derivative of (F^*'^'", Z*'^-") exists and satisfies (|4.ip . The rest of the proof follows some standard com- 
putations using Ito's formula. So it is omitted here. o 

Now we are ready to prove the relative compactness of the solutions of SPDE (13. 5p in the following 
theorem. In the proof of Theorem 14.31 and the similar arguments throughout this paper, we will leave 
out the similar localization procedures as in the proof of Lemma 13.41 when applying generalized Ito's 
formula, due to the limitation of the length of the paper. 

Theorem 4.3 Under Conditions (H.1)-(H.2), (H.3)*, (H.4)-(H.6), (K*' '", Z.*' '") is the solution 
of BDSDE and O is a bounded domain in M'', then the sequence u„(s, a;) = Yf'^'"^ is relatively 

compact in L'^{n x [0,T] x 0;R'^). 

Proof. We verify that m„ satisfies Conditions (l)-(4) in Theorem 14. 11 
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Step 1. We first verify Condition (1). By Conditions (H.5)-(H.6), Lemma [2.71 Proposition 13.31 and 
Lemma 13.41 we fiave 



supE[[ \\un{s, ■)\\ H^o)^^] < Cp sup E[ [ I (|u„(s,x)p + |Vu„(s,a;)p)p '^{x)dxds] 

n Jo »i Jo Jo 

< CpSnpE[ r f {\Y°'^'"\^ + \Z°^^^"\^)p-\x)dxds] < oo. (4.2) 
Jo Jw 

Step 2. We then verify Condition (2). It is easy to see that Dgu'^{s) = D0Un{s,x)ip{x)dx. By 
Lemma [4.21 DeUn{s,x) = DgYf'^'^^ exists. Indeed, we can further prove u5^(s) £ D^^'^. By stochastic 
calculus, we have 

\\<{s)\\li^2 < CpE[ [ \un{s,x)\^p-\x)dx]+CpE[f [ \DgUn{s,x)\''p-\x)dxd0] 



s,x,n 1 2 „ — 1 



<CpE[( \Yl^^-'-\^p-\x)dx]+CpE[f f \DeY^ 
< Cp sup [ \h{x)\^p-^{x)dx + Cp [ [ \fo{r,x)\^p-\x)dxdr 

n Jw Jo JR<* 



|2„-1/ 



p-\x)dxde] 



+Cp / \g(r,x,Q)Y p-\x)dxdr <oo. (4.3) 

Jo JwL<i 

Also the right hand side of the above inequality is independent of s and n, so 

sup / |K(s)||Di.2ds < oo. 

n Jo 

Step 3. Let us verify Condition (3). First (3i) follows immediately from (14.3p . To see (3ii), assume 
h > Q without losing any generality. From (j3.4p and Cauchy-Scliwarz inequality, we have 



n Ja n Ja 



sup/ \E[u'^{s + h)]- E[u^{s)]\^ds <Cp sup E[ \un{s + h,x) - Un{s,x)\^ p-^{x)dx]ds 

" Ja JR<* 

< Cp sup f E[ I \Y^^T - Y^^^^-\^p-\x)dx]ds 



<Cp I \fo{r,x)\^p~\x)dxdrds 



+Cpsup [ ^ sup (! + £;[/ \Y°^''^''\^Pp-\x)dx])drds 

n J a Js re[O.T\ JR'* 

+Cpsup f E[[ \Z°-''-''\^p-^{x)dx]drds 

n Ja Js Js.'' 



P fs+h 



+Cp / / sup / \g{r,x,0)\^p'^{x)dxdrds. (4.4) 

J a Js re[0,T]. 



Note that by changing integration order, 

sup /'^ / ^ E[[ \Zl!'^^'fp~^ix)dx]drds 

n Ja Js Jm'' 
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= sup(/" I E[[ \Z^''''''\^p~\x)dx]dsdr + f f E[ f \Z°/''''^\^ p-\x)dx]dsdr 

n J a J a JR-^ J a+h Jr-h JR'' 

+ / E[ \Z°,^''^'fp-\x)dx]dsdr) 

Jp Jr-h Jw 

^sup{ir-a) [ ^ E[[ \Z°-'''''\^ p-\x)dx]dr + h E[ [ {Z^'^'^'l^ p-\x)dx]dr 

n Ja JRii Ja+h JR'' 



+ {p + h-r) E[l |Z0'"'"|2p-i(:E)da;]dr) 



= CphsupE[[ [ \Z\ 

n Jo JR"* 



p '^{x)dxdr]. (4.5) 



A similar calculation can be done to Ss^^ Sr<^ l/o(^i3:)pp ^{x)dxdrds. Hence it follows from (|4.4I) 
that 

rP 

sup/ \E[ul{s + h)]~E[ul{sWds 

n J a 

<Cph[ [ \fQ{r,x)fp-\x)dxdr + Cphsup sup il + E[[ \Y^°''''''fPp-'\x)dx]) 

J a Jr'' n re[0,T] JRd 

+CphsupE[[ [ p-i(x)da;dr] +Cp/i sup [ \g{r,x,0)\^p-^{x)dx. 

n Jq jRd re[0,T]jR'i 

Also noticing Condition (H.l), p.2p and Lemma we can conclude that (3ii) holds. 

Step 4. We now verify Condition (4). For (4i), since by the equivalence of norm principle it turns 
out that 

sup sup sup E[\Dgu':^{s)\'^] < CpSnp sup sup E[ \DgUn{s,x)\'^p^^{x)dx] 

n 0e[t,T] se[t,T] n g£[t^T\ s£[t,T\ JR<^ 

<CpSup sup sup E[( < oo. 

n e<^[t,T]s<^[t,T] JR'i 

So (4i) follows. To see (4ii), assume without losing any generality that h,h' > 0, then 

np' 
\De+h<(s + h') - Deul{s)\''deds\ 

r-P+h' r-P' j- 

<CpSupE[ / / \De+hUn{s,x) - DeUn{s,x)\'^p~'^{x)dxd6ds] 

n Ja+h' Ja' Jo 
fP fP' f 

+CpS\ipE[ / / \DeUn(s + h',x) ~ Dgun{s,x)\'^p^^{x)dxd0ds]. (4.6) 

" Ja Ja' Jo 



For the first term on the right hand side of ()4.6p . by the equivalence of norm principle, 

rP+h' pP' 



supE[ / / \Dg+hUn{s,x) - DeUn{s,x)\'^p^^{x)dxd9ds] 

n Ja+h' Ja' Jo 
pP+h' pP' p 

= supE[ / / \De+hY,'''''''-DeY^''''''fp-\x)dxdeds] 

n Ja+h' Ja' Jr<^ 
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<CpSupE[ / / |i?e+,,i;0'"'"-i?erO'"''f (4.7) 

n Ja+h' J a' JR'' 

By BDSDE glj we know that 

{De+h - = H{e, e + h)+J dyUir, Y.^'^'^^XDe+h - De)Y°'-'^dr 

where 

H{9, e + h)=gi9 + h, Y^^') ~ g{e, F,"^^^") + / 9,/„(r, i;0'-'")i?e+hK°'-'"dr 

Je Je 
Applying Ito's formula to e^''|(Z)fl+/i — De)Y^'^-'"-\'^ , we have 

E[[ \{De+k~Dg)Y°---^fp-\x)dx]+E[[' [ \{Dg+,, - Dg)Yr°'-'''\^p-'{x)dxdr] 

+E[ f I \[Dg+h - i?e)^°'"'"Pp-'(x)dxdr] 

J s JR-^ 

<CpE[[ \H{e,9 + h)\'^p-\x)dx]. (4.8) 
Next we prove that 

sup£;[/ / / \H{e,e + h)\^p-\x)dxd9ds] <Cph. (4.9) 

n Ja+h' Ja' JR'' 

Fhst note that 

£;[/ |i7(6l,6l + /i)|2p-i(x)da:] (4.10) 



<Cph' + CpE[f \X',^,-X',--fp-\x)dx]+CpE[f \Y,%T-ye''''yp-\^)dx] 

JR'' JR-i 

+CpE[ / \dyUr, X°^-, i;0'-^")ni?e+;,y^o^-^'f p-i(x)dxdr] 

Je JR'' 

sup sup . 

se[0,T] re[0,T] 

We need to estimate each term in the above formula. From (|2.2p . we have 



/ sup sup £;[/ \DsY^''''''\^p-^{x)dx\dr ^CpE\\ / |D,Z°'^'"|V^^(2:)da;dr]. 

sefo.Tl re[o,Tl Jr'^ Je Jr<^ 



E[f |X°;\-xMV'(^)rf^] 

jR-i 



<CpE[ (/ |6(xr)|dzi)V'(^)rf^] + Cp / £;[/ Kxr)|2Hp-'Wd2 

jR<i Je JK'' Je 

<CpE[ h {l + \X^''=\fdup~\x)dx]+CpE[ / L^dup-^{x)dx] 
JR<* Je JR'' Je 
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<Cph[^ E[[ {l + \X^-''\fp~'^{x)dx]du + CphE[[ L^p~^{x)dx\ 
< Cph. 

By (H.l)', Lemma [3.41 and Lemma l4?2l we have 

Eif'^'^ I \dyUr,X^^^\Y^^-^^)\'\Dg+hY^-'--^\' p-\x)dxdr] 

< Cp /"^''sup sup sup {\ E[[ (l + |y,°'"'"|4p-4)^-i(^)^^] /■ \DgYr°''''''\^p-^{x)dx])dr 

< Cr,h. 



By Lemma H?2] again, we also have that 

rS+h 



/ sup sup sup E[ / 

Je n se[0,T] rG[0,T] JR<J 



p {x)dx]dr < Cph. 



Hence, from (|4.10p . to prove (|4.9p is reduced to prove 



sup/ E[ / \Y°f,l" -Y°'^'"\^p-\x)dxdr]deds 

n J a+h' J a' Je Jr'' 
rP+h' pP' p-e+h p 

+ sup / E[ / \DsZ^.^''^''\'^p-\x)dxdr]deds <Cph. (4.11) 

n J a+h' Ja' Je Jr'' 

From (|3.4I) . we have 

E[ \Yg+^ -Ye \ P i^m 
<CpE[r'^ [ |/„(r,XO^^y,"■-^")pp-l(x)da:dr] (4.12) 



pe+h p pB+h p 

+CpE[ / \g{r,X^^^-X'^n?p-\^)dxdr]+CpE[ / ' ^"^-'"'^^-i, 

Je JR<* Je JR° 



\Z"^^'=^''Yp-\x)dxdr] 



(■e+h p pB+h p 

<Cp I I \fQ{r,x)\'^p-'\x)dxdr + Cp I sup sup i;[ / \Y°''''''\'^p p-\x)dx]dr 

e n re[0,T] jR<i 

I- pe+h 



+Cp / £;[/ |Z;''"^"|V"'(x)dx]dr + Cp / snp E[ \g{r,x,0)\^p-'{x)dx]dr. 
Je Jr'' Je re[o,T] JR<i 

A similar calculation of changing the integrations order as in (|4.5p leads to 

pP+h' pl3' pe+h p 

sup/ / / E[ {\h{r,x)\^ + \Z^,'-'^\^)p-\x)dx]drdeds 



n J a+h' J a' 
l-T 

|2 I I 5.0,i:,ri|2N -1, 



<CphsnpE[ / {\fo{r,x)\' + \Z^'''''r)p-'ix)dxdr]. 

n Jq jRd 

Moreover, by Condition (H.l), Lemma and p.2p we conclude from (|4.12p that 
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sup/ E[ / \Y°:^,l''-Y^'''^yp~\x)dxdr]deds<Cph. 

n Ja+h' Ja' JB Js.<^ 

Furthermore, by changing the integrations order again and Lemma 14.21 we have 
sup/ E[ / \D,Z°'''fp-\x)dxdr]d9ds<Cph. 

n Ja+h' Ja' JB 



rfi+h' rP' r 

supE[ / / \D0+hUn{s,x) - DeUn{s,x)\'^p^^{x)dxd9ds] < Cph. (4-13) 

n Ja+h' J a' Js.'' 



Hence (|4?TT|) fohows. So (|4Jl) holds. Now by (|4?7l) and (|4?8| we can deduce that 

i+h' 

Now we deal with the second term on the right hand side of (|4.6p . Notice 

supE[ / / \DgUn{s + h' ,x) — DgUn{s,x)\'^p^^{x)dxd9ds] 

n Ja Ja' JO 

rP rfi' r 

<svLp2E[ / / iDgY^'f,;:' ~ DeY^'^'='''\''p-\x)dxdeds] 

n Ja Ja' JR'' 



+ snp2E[f f f \DoY::^/:r^^- - DeY:iir\'p~Hx)dxd0ds]. 

n Ja J a' Jo 



(4.14) 



For the first term on the right hand side of (|4.14p , by (|4.ip , Lemma 12.71 and the exchange of the 
integrations, it is easy to see that 

pp .p' . 

supE[ / / iDeY^^^^r ~ DeY:''''''\^p~\x)dxd0ds] 

n Ja Ja' JR'' 

Cp sup E[ [ - Y,'---")\^p~'{x)dx]deds 

n Ja Ja' Jr'' 

<Cp sup {l+snpE[f \Y°''-''"\^P'^p-\x)dx])dr 

se[a,T-h']Js n J^d 

+Cp sup (1 + sup sup E[( \DeY^''''''\'^p-^{x)dx])dr 

-h']Js n ee[0,Tl JRd 



< 



s(E[0,T-h']Js n ee[0,T\ 



+Cp/i'sup sup E[[ [ \DeZl- 
n ee[o,T] Jo Jr^ 

< Cph'. (4.15) 
For the second term on the right hand side of (|4.14p . firstly from BDSDE (|4.ip we know that 



n f\^s+h' ,x,n -i^s,x,n\ 

^e[ys+h' - ^s+h' ) 



J(s, s + h')+ / dyfnir, Y;'^'^)De(Y;+''''^'^ - Y^'^^^^)dr 

J s+h' 

dyg{r, x^-^, y;^"'")i?e(r;+'' - r;'"'")d^B, - / De{zi^^ - z;'"'")dw„ 

i' J s-\-h' 



where 
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Applying Ito's formula to e'f^''|De(F/+''''^'" - we have 

n Js+h' Jo 
n Js+h' Jo 

<CpSupE[l \J{s,s + h')\^p-\x)dx]. (4.16) 

n Jo 

So we only need to estimate E[J^ | J(s, s + h')\'^p^^{x)dx]. Note that by Condition (H.2)', 

E[[ \ J{s,s + h')\''p~\x)dx] 
Jo 

< CpE[ [ - X^,rP~'i^)dx] + CpE[ [ - Y^^^^'yp-\x)dx] 

Jo Jo 

Js+h' Jo 

+ CpE[ [ [ \Y^^+h':^-n _ y;.^."|2(l + ^y^s+h' ,x,n^p-2 ^ |P-2)2 |2^-1 

Js+h' Jo 

< CpE[ f - X'g'=\^p~\x)dx] + CpE[ f _ r/^^'"|2p-i(a;)rfa;] 

Jo Jo 

+Cp f Je[ [ _ y/^-^"|4 + _ x,^^"|4)p-i(x)dx] 

Js+h' V "'O 

x(£;[ / (1 + |r;+'''.^."|8p-8 + |r;'^'"|«P-i6)p-i(a;)da;])3 



x(£;[/ |i?e>;'+''''"'"|V"'(a;)^^2;])3dr. (4.17) 
From (|2.2I) . we have 



+ / {b[Xl+^'^-)-b{Xr))du+ {<j{Xl+'^''-)-a{X:^-^))dW^. 

Js+h' Js+h' 



For q = 4 or 8, applying Ito's formula to — X^'^l"?, we have 

E[[ |X;+''''"-X;'nV"'(a;)da;] 
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<CpE[[ h'i{(^ {l + \X'^^='\fdu)ip-\x)dx\+Cp( E[{ [ ^ \a{X:,-'')\^du)^p-\x)dx 

jR<i Js JEti Js 

+CpE[f [ \x:+'^'^--x:^'-\'^p~\x)dxdu] 

Js+h' JR<i 



< Cph'^' + CpE[ f f 1^^+'*'^" - Xl^''=\ip-\x)dxdu]. 

Js+h' Jw 

By Gronwall's inequality, we have for s -\- h' < r <T , 



E[ / \X^+^'^'= - Xp'=\''p-^{x)dx] < Cph'^. (4.18) 
Similarly, noticing p.4l) and applying Ito's formula to — we have 

E[ [ - VWda;] 

Jo 

Jr Jo 

<Lh'^ + {6L+12L^)E[[ [ \Y^+''' -Y^'^^^'''\^p-\x)dxdu] 

Jr Jo 

+12LE[ [ [ - rj'"'"|2(i + |y„^^^^"|2p)|x^+''''^ - x^''=\^p-\x)dxdu] 

Jr Jo 

+ 12L^E[ r f |yj+'''.--" - Y^^^^"f\X^+''''^ - X^-'=fp-\x)dxdu] 

Jr Jo 

<Lh'^ + {2e + 6L + 12L^)E[[ [ \Y^'+'''^^^'^ ~Y;^^^''\'^p'\x)dxdu] 

Jr Jo 

+CpJsupE[[ [ {l + \Y^'^'''\^P)p-^x)dxdu]E[[ [ \X?+^'''' - X?'''\»p-^ix)dxdu] 

V " Jr Js.'' Jr Jo 

+CpE[[ [ \X^+'''^'= - X^^^\^p-\x)dxdu]. 

Jr Jo 

Therefore, we can deduce from Lemma (|4.18p and Gronwall's inequality that, for s + h' < r <T, 



E[ / - r/'^'"|V^Wda;] < Cph'\ (4.19) 

Jo 

By (|TT5)1 . dHH]), Lemmas and urn we know from (|iT7l) that 

supE[[ \J{s,s + h')\^p-\x)dx] <Cph'. (4.20) 

n Jo 

Therefore, by (|i?TB)) and we have 

sup [ \DgY:+:::'^'--DeY:-^rp-\^)dxdeds] 



n Ja J a' JO 



< 



Cp f f sup E[ f \DgY^'+l]''^'" ~DgYXh"\^P'\x)dx]d9ds<Cph'. (4.21) 

Ja Ja' " Jo 
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Finally, by PTT5)) -- (|ITT5)) and dMB), (411) Is satisfied. Theorem lOl Is proved. <> 

From the relative compactness of m„ in L^(i7 x [0,T]; L'^{0;M})) for a bounded domain O in M*^, we 
can further prove that there exists a subsequence of u„, still denoted by u„, which converges strongly 
in L'^{n X [0,r];L2(M'*;Ei)). We start from an easy lemma. 

Lemma 4.4 Under Conditions (H.1)-(H.2), (H.3)* , (H.4)^(H.6), forUn(t,x) defined in Theorem \J7^ 
we have swp^E[J^ J^^ \unis,x)\'^Pp~^{x)dxds] < oo. Furthermore, 

lim supE[ / \un{s,x)\Iuj^i^{x)p~^{x)dxds] = 0, 

N^oo n Jo jRd 

where Un ^ {x eR'^ : \x\ < N}. 

Proof. The claim snp^^ E[J^ J^^ \un{s, x)\^p p~^{x)dxds] < oo follows immediately from the equiva- 
lence of norm principle Lemma 12.71 and Lemma 13.41 Let's prove the second part of this lemma. Since 
/jfd p~^{x)dx < oo, the claim follows from the following inequality 

s\ipE[ / \un{s,x)\'^Iur,'=ix)p~^ix)dxds] 

n Jo jRd 



<{supE[ / \un{s,x)fPp-\x)dxds])~-{E[ / \Iu^.{x)\^p-\x)dxds 



p-1 



Theorem 4.5 Under Conditions (H.1)-(H.2), (H.3)*, (H.4)-(H.6), i/ (F,*^^'", Z*'^'") is the solution 
of BSDEs p.^p and Y*'^ is the weak limit ofY^'^'"- in Lp(]7x [t, T]x'R'^; M^), then there is a subsequence 
^jYt,x,n^ g^-ll fignoted by F,*^^'", converging strongly to Y*^^ in L'^{Q x [t,T];Ll{W^ ;«})). 

Proof. By Theorem 14.31 we know that for each bounded domain O C M'', there exists a subsequence of 
Un which converges strongly in L'^{ flx [0, T];L'^{0; M^)). So for Ui, we are able to extract a subsequence 
from Un{s,x), denoted by ui„(s,x), which converges strongly in L^(i7 x [0, T]; R^)). Obviously 

the subsequence uin{s, x) still satisfies the conditions in Theorem 14. 3 1 Applying Theorem l4. 31 again, we 
are able to extract another subsequence from ui„(s,x), denoted by U2n(s,x), that converges strongly 
in L'^{n X [0, T]; L^(t/2; K^)). Actually we can do this procedure for all Ui, i — 1,2, ■ ■ ■. Now we pick 
up the diagonal sequence Uii{s,x), i = 1,2,- ■ ■, and still denote this sequence by u„ for convenience. 
It is easy to see that u„ converges strongly in all L^{f2 x [0, T]; L^{Ui; M^)), i = 1, 2, • • •. For arbitrary 
£ > 0, noticing Lemma we can find j{e) large enough s.t. 

snpE[ / \un{s,x)\'^p^^{x)dxds] < ^. 
n Jo Jv;, , o 

For this j{s), there exists n*(e) > s.t. when m, n > n*{e), we know 

\\Um-Un\\l2^|-2x[0,T];Ll{U,^,y,V^))= / / \u„i{s , x) - Unis , x)\^ p'^ ix)dxds < ^. 



Therefore as m, n > n*{e). 
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\\Um-Un\\l2mxlO.T];LHR-'.m) - / \Um{s , x) - Un{s , x)\^ {x)dxds] 

+E[[ [ {2\urais,x)\^ + 2\un{s,x)\^)p-^{x)dxds] <e. 



That is to say u„ converges strongly in {f2 x [0 . T]; L^(R'^'; M^)). Then the strong convergence of K*''" 
follows from the standard equivalence of norm principle argument. On the other hand, is also 

weakly convergent in L'^{n x [t,T]; Ll{R'^;M.'^)) with the weak limit F^*^^. Therefore i;*'^^" converges 
strongly to F/'^ in L^{il x [t, T]; ^^(Rd; Ri)). o 

Considering the strongly convergent subsequence {Y.^' derived from Theorem 14.51 and using 

B-D-G inequality to BDSDE p.4p . we can prove that for arbitrary m,n, 



E[sup [ \Y^*^'=''''' -Y*'^'"\^p-\x)dx]+E[f f iZl^^^"" - Z*^'='"\^p-\x)dxdr] 

<Cp{E[[ [ \Y,'-^-"'-Y,'^^^'fp-\x)dxdr] 

xE[ r [ (1 + \foir,x)f + lY^-^^-fP + \Y,'^^'^fP)p-\^)dxdr]y 

+CpE[r I |5(r,X;'^r/'-'") -5(r,X;'^ pp-i(a;)dxdr]. (4.22) 

Jt Jw^ 

Using strong subsequence of K*' '" and the Lipschitz continuity of g, by the dominated conver- 
gence theorem we can conclude from (|4.22p that this subsequence {i^*' converges strongly 
also in S'^'"([t, T]; L^(IR''; M^)) and the corresponding subsequence of {Z.*'''"}^^ converges strongly 
M^'"([i, T]; L^(K''; M'')) as well. Certainly the strong convergence limit should be identified with the 
weak convergence limit Z.*''. Hence the following corollary follows without a surprise. 

Corollary 4.6 Let ) he the solution of BDSDE and (K*' '", Z.*' '") he the suhse- 

quence of the solutions of BDSDE ^3.4^ , of which Y. ' converges strongly to Y. '' in L^{fi x 
[t,T];L2(R^;Ri)), then (Y*'''" , Z*'''") also converges strongly to {Y.*'\Z*'') m S'2^0([t, T]; L2(Rd; Ri)) x 
M2'0([i,r];L2(R^;R'i)). 

As for Y*'^, we further have 

Lemma 4.7 Under Conditions (H.1)-(H.2), (H.3)* , (H.4)~(H.6), E[J^ J^^ \Y^*'''\'^Pp-^{x)dxds] < oo 



and y^*'^ = r/' = for a.e. s e [t, T], x £ 



a.s. 



Proof. First by Lemma [2.71 and CoroUarv 14.61 we have 



E[ r [ - fp-\x)dxds] 

Jt JE<i 

<Yim2E[( I -i;*'^|2p-i(a;)da;ds] + lim 2£;[ / / \Ys"'^*^"' -Ys"'^''^ \^ p-\x)dxds] 

Jt Jv.'i Jt JR-i 

s,x,n \rs,x |2 —1 



<\im2E[f ( |y;'"'"-r;'"|2p-i(a;)dxds] + lim sup / jy/'"'" - 

Jt JvL-i s<r<TjRd 



\^p-'-{x)dx] = 0. 
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Hence, 

yt^x ^ y/'^*'" foj. a.e. s G [t, T], x a.s. (4.23) 
If we define Y^'^ — u{s,x), then by (|4.23p and Lemma [2771 again we also have 

\un{s,x) - u{s, x)\^ p''^ {x)dxds] = 0, (4.24) 



hm E[[ [ 

Jo Jr 



and 

r/'"^ = u(s,X*^^) for a.e. s e [t,T], x eW^ a.s. 

Therefore, we claim that the strong hmit of M„(s,a;) in L^{n x [0, T]; L^(M''; M^)) is u{s,x). 

By the equivalence of norm principle, to get E[J^ J^^ \Y*'^\'^Pp'^{x)dxds] < oo, we only need to 
prove E[J^ J^^ |m(s, x)\'^'p {x)dxds] < oo. For this, we first derive from lim„_s.oo E[J^ J-^^ |w„(s, x) — 
u{s,x)\'^p~^{x)dxds] = a subsequence of {un{s, x)}^^i, still denoted by {u„(s, a;)}^i, s.t. 

Un{s, x) — > u{s, x) and sup |u„(s, a;)^^ < oo for a.e. s £ [t,T], x <E'R'^ a.s. 

n 

By a similar argument as in Lemma 14. 4[ for this subsequence u„, we can prove, using Holder 
inequality, that for any 6 > 0, 

lim supE[ / \un{s,x)\'^P^^Itu,^is,^)i2p-s-^N}{s,x)p^^{x)dxds]=0. 

N^oo n Jo jRd u y ^ n 

That is to say that |u„(s, x)\'^p~^ is uniformly integrable. Moreover by the fact that Un{s, x) — > u{s, x) 
for a.e. s E [0, T], a; G a.s. and generalized Lebesgue's dominated convergence theorem [24 , we have 

E[[ I \u{s,x)\^P-^p-\x)dxds]= lim E[f f \un{s, x)\^p-^ p-\x)dxds] 
Jo JTSf ^0 Jr-' 

< Cp{snpE[ [ [ \un{s,x)fPp-\x)dxds])^ < Cp, 

n Jo Jw^ 



where the last Cp < oo is a constant independent of n and S. Then using Fatou lemma to take the 
limit as (5 — )■ in the above inequality, we can get E[J^ J^^ \u{s,x)\'^Pp'~^{x)dxds] < oo. o 

Indeed, with Corollary 14. 61 and Lemma HTTl using Ito's formula to e^^\Y*'^\'^P , we can further prove 
that K*'' G 52P'0([t,r];L2p(Rd;Ri)) (To see similar calculations, one can refer to the proof of Lemma 
\Jl\m Section 7). 

Proposition 4.8 For {Y.*'\ Z*'') and (K*' '", Z.*'''") given in Corollary\J^ Y.*'' G 5'2P^°([i, T]; ^^^(Rd; Ri)). 

Now we are ready to prove the identification of the limiting BDSDEs. 
Lemma 4.9 The random field U , V , Y and Z have the following relation: 

C/*'^ = /(s,X*^^,y,*'^), T/*^^ = .9(s,X*^^,y;'^) for a.e. s G [t,r], x G M'* a.s. 

Proof Let /C be a set in 12 x [t,T] x s.t. sup„ + sup„ + |/o(s,X*'^)| + |g(s, X*'^, 0)| < 

K. First we can find a subsequence of (F^*'^'", Z*'^^"), still denoted by (y^*'^^", Z*'^'"), satisfying 
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— > a.s. and sup„ + sup„ < oo for a.e. s e [t,T], x e R"^ 

a.s. Then it turns out that as if — > oo, K, ^ x [t,T] x R"*. Moreover it is easy to see that for this 
subsequence, 

EiT I 2(sup|/4s,X*'^y;■-•")|2 + |/(s,X*^^y;■-)|2)/^(s,a:)p-l(x)dxds] 

Jt JK.<^ n 

<CpE[r f i\fo{s,Xl-n\^+sup\Y:^^^-\^P)I^is,x)p-\x)dxds] 

Jt JR'^ n 

+Cj,E[ r I (|/o(s,X*'-)p + \Y'^^'^\^P)I^{s,x)p-\x)dxds] < oo. 



Thus, we can apply Lebesgue's dominated convergence theorem to the following estimate 



lim E[f f \Us,Xl-^-X-'^niK{s,x)~fis,Xl-^-,Y:niK{s,x)fp-\x)dxds] 
< 2E[ r [ lim |/„(s,X*-^i;*'-^") - f{s,Xl^^X'''n\'lK{s,x)p-\x)dxds] 

+2E[[ [ lim \fis,Xl'^X-''-n-fis,Xl'-X-n\'lKis,x)p-\x)dxds]. (4.25) 



Since Y^'^'^ — > Y^'^ for a.e. s € [t,T], x & R'^ a.s., there exists a N{s,x,(jj) s.t. when n > N{s,x,uj), 
|y-j,a;,n| ^ \Y^'^\ + 1. Wc take /„(s, x, ?/) to be the smootherized truncations to /(s, x, y) on variable y. 



so taking n > max{7V(s,x,a;), + 1}, we have /„(s, X*'^, y/'^-") = /(s, Xp, '"^^^'^K-^^'"' + 

- _^x,*.-,")/^|^^,,.,„|^^j = ^(^^^t,.^y^M-), That is to say 

lim |/„(s,X*'^K*'^'") - = for a.e. s G [i,T], x G M'' a.s. 

On the other hand, lim„_^oo |/(s, X*-^, F,*'^-") - /(s, X*-^, r,*^^)|2 = for a.e. s € [t,T], x a.s. is 
obvious due to the continuity of y — > /(s, x, y). 

Therefore by (|4.25p . /„(s, X*'^, yg*'"''")/K;(s, a;) = f7*'^'"/K;(s, a;) converges strongly to 
/(s, X*'^, y,*'^)JK;(s, cc) in Ll{f2 x [t, T] x M'*; Ri), but {/''^'"/^(s, x) converges weakly to Ul'^'Iicis, x) in 
L2(j7 X [t,T] X R'';Ri), so /(s, X*-^, r,*'^)/K:(s, x) = J7*'^/k:(s, x) for a.e. r e [i,r], x e R'' a.s. Taking 
ii' — > oo, we obtain the first part of Lemma l479l The other part of Lemma l4!9l can be proved similarly, o 



Proof of Theorem With Proposition 14.81 and Lemma 14.91 the existence of solution of BDSDE 
?T|) is easy to see. The uniqueness can be proved using a standard substraction, Ito's formula and 
Gronwall inequality argument. Here the monotonicity plays an important role. o 

By the stochastic flow property Xr ° = X^'^ for t < s < r < T and the uniqueness of solution of 
BDSDE (|3.ip . following a similar argument as Proposition 3.4 in [5S] we have 

Corollary 4.10 Under the conditions of Theorem\EIE, let (F,*^^, Z*'^) he the solution of BDSDE i TO]) . 
then 

Yt,x ^ Yt^'''\ Zl'"" = Zl'^''" for any s G [t,r], a.e. x G R'' a.s. 
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Naturally, we can relate the S^P'°{[t,T], LIp{R'^;R^)) x M2^0([i, T], ^^(Rd. k^)) solution of BDSDE 
3.ip to the weak solution of SPDE (|2.1I) with finite dimensional noise. We have the following theorem: 



Theorem 4.11 Define u(t,x) = Y*'"' , where (y^*^^, Z*-^) is the solution of BDSDE fOp under Con- 
ditions (H.1)-(H.2), (H.3)* , (H.4)-(H.6), then u{t,x) is the unique weak solution of SPDE i2.1\) with 
finite dimensional noise. Moreover, let u be a representative in the equivalence class of the solution of 
the SPDE fop m S'^P^°{[t,T]; Lf{R'^;R^)) with a*Vu G A'P'°{[t,T]-Ll{W^-R'^)), then u{t,x) = Y^''"' 
for a.e. t e [0,T], x G M'^ a.s. and 

u(s,X*'^) = r/'^, (cr*Vu)(s,X*^^) = Z*^^ for a.e. s e [t,T], xeW^ a.s. (4.26) 

Proof. Using Corollarv l4.61 we first prove the relationship between (Y, Z) and u, when we take u{t, x) = 
y/'^. Having proved Lemma 14.71 we only need to prove that (cr* Vu)(s, = Z*^^ for a.e. s € 
[t,T], X e a.s. This can be deduced from (|4.26p and the strong convergence of Z.*' '" to Z.*'' in 
L^{n X [t,T];L'^p{R'^;R^)) by the similar argument as in Proposition 4.2 in [28] . 

We then prove that u{t,x) defined above is the unique weak solution of SPDE (|2.ip . We start our 
proof from smoothed SPDE (13. 5p . Let Un{s, x) be the weak solution of SPDE p.5|) . then (u„, cr*VM„) € 
L^{f2 X [0,T];i2(K<i.]jji)) ^ L^{f2 x [0, T]; L2(K<i. K<i)) and for an arbitrary ip e C;?°(M''; M^), 

Un{t, x)ip{x)dx — f h{x)(p{x)dx — — f f {(J*Vun){s,x){a*\7{p){x)dxds 

T 

Un{s,x)div{{b — A)(p){x)dxds (4.27) 
fn{s,x,Un{s,x))ip{x)dxds ~ / {g {s , X , Un{s, x)) (p{x)dx , d^ Bg) 



T 



We can prove that along a subsequence each term of (j4.27p converges weakly to the corresponding term 
of (EH) in 2.2(17; Ri). By we know that Un converges strongly to u in L^if} x [0,T] x ]R'^;Ki), 

thus Un also converges weakly. Moreover, note sup^g]gd(|(iiw((6 — A)(p) (x)|) < oo and p is a continuous 
function in M.'^. So it is obvious that in the sense of the weak convergence in L'^{f2;M.'^), 

lim / / Un{s,x)div(^{b — A)ip^{x)dxds — / / u{s,x)div(^{b ~ A)(pj{x)dxds. 



n—¥oo ^ 

Also it is easy to see that 

i-T r T i-T 

n—^QO 2 



lim - / / ((T*'Vun){s,x){(j*'V(p){x)dxds = f ( u(s, x)V((T(T* V(/5(T)(a;)p(a;)p ^{x)dxds 

1 r 

((T*Vw)(s, x){(T*\7if ){x)dxds. 



2 

Note that /„(s,X*'^,i;*'^'") converges weakly to /(s, X*^^, i;*-^) in Ll{n x [t,T] x R'';Ri). In fact 
we can use the same procedures to prove that /„ (s, x, m„(s, x)) converges weakly to /(s, x, it(s, x)) 
and g[s,x,Un{s,x)) converges weakly to g(s, x, m(s, x)) in L^{{2 x [t,T] x R'^;K-'^). Then following the 
proof of BDSDE converging weakly to BDSDE (pj|) and taking weak limit here in L^{ f2; M^), we 
obtain the weak convergence of three terms: 
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lim / / fn(s,x,Unis,x))tp{x)dxds — lim / / {g(s,x,Unis,x))tp{x)dx,d^ Bg) 
f {^s, x,u{s, x))(p{x)dxds — / / {g(^s,x,u{s,x))ip{x)dx,d^ Bg)- 



Finally, that for any t G [0,T], linin-^ao Jg^dUn{t,x)(p{x)dx = J^au{t,x)(p{x)dx in the sense of weak 
convergence in L^(J7;R^) can be deduced from Corollary 14.61 



lim {un{t,x)-u{t,x))ip{x)dx]f < lim CpE[ \un{t,X'^-'') ~ u{t,X°-'')\^p-^{x)dx] 

< lim C7p£;[ sup / =0. 

n^oo 0<t<TjRd 

Here the convergence in the S'^^''^ space gives us a strong result about the convergence u„(t, x)(p{x)dx 
— ^ /jjd 'u{t, x)(f{x)dx in L^{Q\ K'') uniformly in t as n cx). Therefore we prove that (|2.6p is satisfied 
for all t e [0,T], hence is a weak solution of SPDE (I^TTj) . 

The uniqueness of weak solution of SPDE (j2.ip can be derived from the uniqueness of solution of 
BDSDE (1131). For this, let u be a weak solution of SPDE (HH). Define F(s,x) = /(s, x, ^(s, x)) and 
G(s, x) = g(s,x,u{s,x)) . Since m is the solution, so (|u(s, a;)^^ + |((t* Vu)(s, a;)p)p""'^(a;)(ia;(is < 

cxD and 



E[ / (|F(s,x)|2 + |G(s,a;)|2)p-i(x)da;ds] 
<CpE[f [ {l + \fo{s,x)\^ + \g{s,x,0)\^ + \u{s,x)\^P)p-\x)dxds]<^. 

Jo JR'' 

Then we get a SPDE with the generator {F,G) e L^inx[0,T];Ll{R'^;R^))xL^{nx[0, T];Ll{W^; R'))- 
For this generator {F, G), we claim that (l^^ Z*^"^) = (u(s, X*'^), (cr* Vu)(s, solves the following 

linear BDSDE for a.e. a; e M'' with probability one: 

r,*'- = + r F{r,Xy-)dr- r {G{r,Xl^-),d^Br) ~ ^(Z*•^dT^.). (4.28) 



First we use the moUifier to smootherize {h, F, G), then we get a smootherized sequence {h"\ F™, G™) 
such that (/i™(-), F™(s, •), G™(s, •)) — ^ (/i(-), Fis, ■),G{s, •)) in ^^(M'i; Ri) x ^^(M'i; Ri) x ^^(Kd. 
Denote by Um{t,x) the solution of SPDE on [0,T] with terminal value h"^{x) and generator 
(F"(s,2;),G'"(s,x)) and by (F/;^,Z*;^) the solution of BDSDE with terminal value /i'"(X^'') 
and generator {F"^{s,Xl'^),G™{s,Xl''^)), then following classical results of Pardoux and Peng [22] . 
we have Z*;^ - a*Vu,nit,x), and F,*;;^ = M,„(s,Xi'-) = F!™'", ^I;^ = f7*Vu„.(s, X*--) = 
Z!'X''\ But by standard estimates (>;*;,?„ ^*;f„) is a Cauchy sequence in M2^0([0, T]; ^^(Rd; r1)) x 
M^'°([0, T]; Lp(M''; M'')). By equivalence of norm principle, Um{s,x) is also a Cauchy sequence in 
H, where H is the set of random fields {w{s,x); s S [0,r], x € M''} such that {w,a*\7w) G 
M2-0([0,r];L2(E'';Ki)) x M2,0([o, T]; L2(R'i; R'^)) with the norm {e[J^ Jj^,{\w{s,x)\^ 

+ |((T*V)w(s, x)\'^)p^^{x)dxds)]} ^ < cx). So there exists u G H such that (wm, cr*VMm) {u, a*\/u) in 
M2^0([0, T]-Ll{W^; Ri)) x Af2.0([o, T]; L2(R'^; R'^)) due to the completeness of H. By the equivalence of 
norm principle again, we know that (F^*'^, Z*'^) == (u(s, ^*'^), (cr*Vu)(s, ^*'^)) is the limit of Cauchy 
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sequence of (F^*^^, Now it is easy to pass the limit as m -> oo on the BDSDE which (n*™; ^s|m) 

satisfies and conclude that is a solution of BDSDE gJl]). 

Noting the definition of F{s,x), G{s,x), Y^-^ and Z*'^, we have that (Y,*'^,Zp) solves BDSDE 
(|2.3p for a.e. x £W^ with probability one. Moreover, by Lemma [2T7l 

E[l I (1^,*'^^^ + |Z*'^|2)p-i(a;)rfa;fis] < Cp / / \u{s, x)\^p + \{a*\/u){s,x)\^ p-^{x)dxds < oo. 

As PropositionSH we can further deduce that Y.*'' e S^P'°{[t, T]; L2p(R'^; R1)) and therefore (F,*-^, 

is a solution of BDSDE ()2.3p . If there is another solution u to SPDE (12. then similarly we can find 

another solution to BDSDE ([231), where 

n*-- = and Z*^- = (a*V^i)(s,X*--). 

By Theorem 13. 2i the solution of BDSDE (|2.3I) is unique, therefore 

y^a; = y;*.^ for a.e. s £ [t,T], xeR'^ a.s. 

Especially for i = 0, 

yO,2 ^ yO,:r fQ^. ^^^^ s e [0,T], a; G M'' a.s. 

By Lemma [^771 again. 

£;[/" /" \u{s,x)-u{s,x)\^p-^{x)dxds]<CpE[f f \Y,°'^ - Y,"^'^\^)p-^{x)dxds] = 0. 
Jo Jr'' Jq Jb<* 

So u{s,x) = u{s,x) for a.e. s E [0,T], x £ M."^ a.s. The uniqueness is proved. The uniqueness implies 
that for any selection u in the equivalence class of solution of the SPDE (|2.ip . u{s,x) = y/'^ for 
a.e. s e [0,r], X eR'^ a.s. Moreover, noting that (u(s, X*-"^), cr* Vm(s, X*'^)) solves the BDSDE (jO)) 
and using the uniqueness of solution of BDSDE (|2.3p in the equivalence class, we have (|4.26p for any 
representative Y in the equivalence class of the solution of BDSDE (|2.3p . o 



5 BDSDEs and SPDEs with infinite dimensional noise 

In this section, the main tasks are to prove the existence and uniqueness of solution to BDSDE with 
infinite dimensional noise (|2.3p and give the probabilistic representation of SPDE p.ip with an initial 
value. Considering BDSDE (|2.5p . the equivalent form of BDSDE (|2.3p . we assume Conditions (H.l)- 
(H.6) except for (II.2) which will be replaced by the following refined condition. 

(II.2)*. Assume ||g(0, 0, 0)|j^2 (gi^ < oo, and there exist constants L,Lj > with X^^i < s.t. 
for any s,si,S2 e [0,r], x,xi,X2 £ M"*, V,Vi,V2 £ 

- f{s,X2,y)\ < m + \y\n\xi ~ X2I 
\gj{si,xi,yi) - gj{s2,X2,y2)\ < Lj{\si - S2I + \xi - X2\ + \yi - y2\)- 

Moreover, we assume dyf,dygj exist and satisfy 
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\dyf{s, x,,y)~ dyfis, X2,y)\ < L{1 + \y\P-^)\x, - x^l 

\dyfis, X, yi) ~ dyfis, X, 2/2)1 < L{1 + |2/i|P-2 + \y2r^)\vi - 2/2I, 

\dygj{s,x,y) \ < Lj, 

\dygj{s,x,yi) - dygj{s,x,y2)\ < Lj{\xi - X2I + \yi - y2\)- 

Remark 5.1 (i) An equivalent transformation of BDSDE 112. 3\) similarly as in 113. 3\) allows us to take 
the monotone constant fi ~ in Condition (H.3) without losing any generality, 
(ii) Similar to \3.2\) . by Condition (H.2)* we can get 

sup / (S^\gj{s,x,Q)\^Yp~^{x)dx <oo. (5.1) 



Theorem 5.2 Under Conditions (H.l), (H.2)*, (H.3)-(H.6), BDSDE ifO|) has a unique solution 
{¥.'■'■, Z'-) e S'2P'"([i,r];L2p(Kd.Mi)) x lVP'^{[t,T]; Ll{R'^;R'^)). 

Proof. For every e N, it follows from Theorem 13.21 that BDSDE (|2.9p has a unique solution 
(K*'-'^, Z.*'-'^) e S'2P'0([t, T]; L2P(R''; R^))xAP'°i[t, T];Ll{R'^; R'^)). We then prove that (K*'''^, Z.*'''^) 
is a Cauchy sequence. 

First note that if we do a similar estimates on (K*' '^, Z.*' '^) as Lemma [3.4[ by Condition (H.l), 
(H.4) and (|5.ip we can get 

supi;[ sup / lY*''-"'^ \^Pp'\x)dx]+ sup E[ [ [ iZl^'^^^]^ p~\x)dxds] 

<Cp [ \h{x)\^Pp-\x)dx + Cp [ [ \fo{s,x)fPp~\x)dxds 

+Cp / V|gj(s,x,0)pPp-i(a;)da;ds < C50. (5.2) 

Then for M, N eN,j eN, define 

/-rrt,X,M,N ^t,X,M,N\ _ (^^t,X,M xrt,X,N rrt.X.M r^t.X,N\ 

5f ^(r,x) = g,{r,X:.'^,Y^''-^''^') - g,{r, Xy-^ ,Y^'^'^). 

Without losing any generality, assume M > N. Applying Ito's formula to e^'-\Yy^''^^''^f^ and noting 
the monotonicity condition of / and the Lipschitz condition of gj , we obtain 

e''^\Y:''-''^'''f'p-\x)dx+pi2p~l) f I e'''-\Y^^^^^'^''\^''-^\Zl.'-''''''\%-\x)dxdr 

^'^'^|'V-i(x)dxdr 



+ (if-p(2p-l)f;L2_2e) r I e^n>;*^" 



<Cp / e^'-|>",*'"'*T^P"'(^)rf2;dr + Cp / / e^'-(5] \g,{r,Xl^\Q)\y p-\x)dxdr 

j=N+l "'^ 3=N+1 



2pE / / e^nr/'-^^-^l'^'-^/'-^^'^gf ^(r,x)p-i(x)dxdt;3^.(,) 
7=1 "'s "'i^'' 
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M T n 



j=N+l 

-2p r {j e^'-|^;*'"''''''^l'''"'n''"'*'''^^*'"''^'VWdx,dW^.). (5.3) 

J s JRi' 

Choosing sufficiently large K and taking expectation on both sides of (|5.3p . by Lemma [2.71 (|5.ip and 
(|5.2p we have 

lim EiT [ \K''^'^'^^f%-\x)dxdr]+ \un E[ f j \Y,',^'^'^^\'''-'\Zr'''^^\%~\x)dxdr] 



< lim Cp V L^.supE[f f \Y^'''''^\^Pp-^{x)dxdr] 
+ lim Cp {J2 \9j{r,x,0)\'rp-H^)dxdr = 0. 

Js JK j^M^i 

Considering ()5.3|) again and applying the B-D-G inequality, by (|5.4p we have 



(5.4) 



lim i?[sup / \Y:-^^-^"-''\'%-\x)dx] 

M.N^x, se[t.T]jR'i 

< lim CpEiT [ |y;*'"'*^'^|'Vi(a;)da;dr] 



lim Cp y LfsupE[f I |i;*'"'^|2Pp-i(a;)da;dr] 
lim Cp y \gj{r,x,0)\^Pp-^{x)dxdr 

lim CpEiT [ |i;*^-^*^^^|'^"'|Z*^-'*^^^|V'(a^)rf2;dr] =0. (5.5) 



i=7V+l 

rt.-.N ryt,-,N-s ■ 



The estimates and dES]) imply that (K*' '^ , Z.*' '^) is a Cauchy sequence in S'2P'0([t, T]; L2p(Krf; ^i)) 
xM2."([t, T]; L2(E^; M'^)). So there exists (K*'', Z.*'') e S'2P'"([i, T]; L2p(Kd; Ri)) xM2.0([t, T]; Ll{«^ ; K^)) 
as the limit of (K*' '^, Z.*' '^). We then show that (K*' , Z.*' ) is the solution of BDSDE Accord- 
ing to Definition 12. 4i we only need to verify that for a.e. x e R'', (yj*'^,Z*'^) satisfies (|2.3|) . For this, 
we prove that for arbitrary ip G C"(R'';R^), the integration form of (|2.9p with ip converges to the 
integration form of (|2.3p with (p in L^(f2;M}) along a subsequence. Due to the strong convergence of 
(Y:*'-'^,Z.*'-'^) to (K*'-,Z.*'-) in S'2p."([i,T];L2p(iRrf;Mi)) x M^'°{[t,T]; L^iR'^iR'^)), only the conver- 
gence of the drift term and the diffusion term w.r.t. B are not obvious. In fact, the convergence of 
the diffusion term w.r.t. B in L^{f2:M.^) can be referred to the proof of Theorem 3.2 in [28 . In what 
follows, we show the convergence of the drift term of the integration form of (|2.9p to the corresponding 
term of ()2.3p in L^{f2;M.^) along a subsequence. Since for arbitrary (p G C°(M'';Mi) and < <5 < 1, 

E[ \ r [ {f{r,Xl^\Y^-'^-'') - f{r,Xl^\Y^-nh{x)dxdr\] 
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< 



Cp{E[ / \f{r,X:.^^X-' )-fir,X'^X-n\'^'p-\^)dxdr]y 



we only need to prove that along a subsequence 

AT— >oo 



lim E[f f |/(r,X;^%y, 



t,x ^ucc.N^^ _ ^(^^ j^t^x^ Y^''=)\^+^ p'\x)dxdr] = 0. (5.6) 



First we will find a subsequence of Y^-'^'^ , still denoted by Y*'^'^ , s.t. 
Yt.^,N — ^ y-^t,:r Jqj. ^ s € [i, T], a; € M'' a.s. and E[ [ [ sup |y. 

Jt Jr'' n 



t,x,N i2p -1 



I {x)dxds\ < oo. 



For this, by the strong convergence ofK^'-'^to K*^- in S'2p^0([t,T];i2p(M<i;Ki)) 

, we may assume without 

losing any generality that Y*'^'^ — > Y^'^ for a.e. s G [t,T], x e R'^ a.s. and extract a subsequence of 
i;*^^'^, stih denoted by i;*'^^^, s.t. 

Jo Jw ^ 

For any N, 

N-l oo 

i=l i=l 

Then by the triangle inequality of a norm, we have 
{ElT [ snp\Y*'^'^\^Pp-\x)dxds])^ 

< {E[ f j \Yy^^'\^^p-\x)dxds])^. + Y,{E[ f f \Yy^'^+' - Yl'^'^\'Pp-\x)dxds])i-. 

Jt JR-i ^^-^ Jt Jr-^ 

<{E[r [ |ri--'ip^'p-i(x)dxd.])*+f;l<oo. 

Jt Jr" ~[ 2* 

Noticing 

E[ r [ sup|/(r,X;-^y,*^-'^) - f{r,Xl-'^Xn\'^'p~Hx)dxdr] 
Js JR'' n 

< CpE[ r [ (|/o(r,a;)|i+^ +sup|i;*'"'^|(i+^)P + +|i;*'"P+^)P)p-i(x)dxdr] < oo, 

Js JR<i N 



we have 



Therefore, by ([OD and 



sup|/(r,X;'^,i;*^^^^) - /(r,X*^^y;*'^)|i+'^' < oo for a.e. s G [i,T], xeR'^ a.s. (5.7) 

N 
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lim supE[ r [ |/(r,X;'^y,*'--^) - /(r, X^'^ 

^-^{|/(r,X^--,F,*---")-/(r,X^'M',?'-)|i+.'>n}(''' x)p-\x)dxdr] 

< lim sup (£;[ / / |/(r,X;'^l;*■^'^) -/(r,X;'^ |2p-i(a;)(ia;(ir])^ 

^(^[ / / ^{|/(r.Jf,^^y,'■="■")-/(r.x,',•^y,'•=")|l+^>«}(^'2;)p"^(x)dxc^r]) 
<{8upE[r [ {\Mr,x)f + \Y,''^'''fP + \Y,'n'np-\^)dxdr])'^ 

N Js JR-i 

/ Jil^l -^{sup„|/(r,X•^V;*■^■")-/(r,X^■^n'-)|l+.'>n}(^'^^ =0- 



1-S 



1-S 



The above convergence demonstrates that |/(r, X*'^, F^*'^'^) — /(r, X*'^, is uniformly inte- 
grable, which together with the fact that limAr_,oo |/(r, y^*-^-^) - /(r, X*'^, = for a.e. 
s e [t,T], a; e M'* a.s. leads to (lE^ . So the existence of solution of BDSDE (^3)) follows. As for the 
uniqueness proof, it is similar to the uniqueness proof of Theorem 13.21 The proof of Theorem 15.21 is 
completed. o 

With the results on BDSDE ((23)) . the results on its corresponding SPDE ([2T|) follow. 

Theorem 5.3 Define u(t,x) = Y*''' , where (y,*^^,Zp) is the solution of BDSDE l[2l\) under Condi- 
tions (H.l), (H.2)* , (H.3)-(H.6), then u{t,x) is the unique weak solution of SPDE Moreover, 

u{s,Xl''=) = r/'^, (cr*Vii)(s,X*^^) = Z*^^ for a.e. s e [t,T], xeR'^ a.s. 

Proof. Consider BDSDE (|2.9p and the following SPDE with finite dimensional noise: 

U]\f{t,x) = h{x) + / [^WAr(s, x) + /(s, a;, ujv(s, x))](is — / gj(s,x,UN{s,x))d'^ $j{s). (5.8) 
Jt ^.^1 Jt 

By Theorem 14 . 11 1 we know that Y^'^'^ is the weak solution of SPDE (|5.8p and 

UAr(s,X*'^) = i;*^^^^, {a*VuN)is,Xl-^) = Z*'^'^ for a.e. s e [t,r], x e M'' a.s. 

The remaining part of the proof is to verify that un{s, x) is a Cauchy sequence in "H and its limit u{s, x) 
is the weak solution of SPDE (|2.ip . The procedure of these proofs are actually similar to Proposition 
4.2 and Theorem 4.3 in |28| where a Lipschitz condition to f{s,x,y) on y rather than polynomial 
growth condition is assumed. However, the polynomial growth condition in the arguments brings the 
trouble only when verifying that for arbitrary (p € C^(M'';M^) the integration form of the drift term 
of (|5.8p converges to the corresponding term of (|2.ip in L^{f2), i.e. 

lim E[\ / (f{s,x,UN{s,x)) — f{s,x,u{s,x)))ip{x)dxdr\]~0. (5-9) 

If we know that for arbitrary ip e C;?°(M'^;Mi) and 5 < 1, 
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Ymv E[( ( \f[s,x,UN{s,x)) ~ f[s,x,u[s,x))\^+^ p-^[x)dxdr]=Q, (5.10) 

then (|5.9p follows from Holder inequality immediately. In fact, noting (|5.6I) we can prove (|5.10p by the 
strong convergence of un{s,x) to u{s,x) in H, u{s,Xl'^) = Y*''^ for a.e. s e [t,T], x ^M.'^ a.s. and the 
equivalence of norm principle. o 

Remark 5.4 Consider a simpler form of SPDE with coefjicients /, g being independent of time 
variables. If we choose Brownian motion B in backward SPDE as the time reversal version of Brownian 
motion B in SPDE il.l]) . i.e. Bg = Bt-s — Bt, < s < T, and let u be the weak solution of 
corresponding backward SPDE, then we can see easily that v{t) ^ u{T — t) is the unique weak solution 
of SPDE (EiP s.t. {v,a*Wv) e L^p{[0,T]; LfiW^iR^)) x L'^{[0,T]; Ll{R'^;R'^)). 



6 Infinite horizon BDSDEs and stationary solutions of SPDEs 

In this section, we first consider the infinite horizon BDSDE with polynomial growth coefficients. For 
this, we assume the previous conditions (H.l), (H.2)*, (H.3) with the following changes: 

(H.7). Change "s £ [0,T]" to "s e [0,cx))" in (H.l). 

(H.8). Change "s, si, S2 e [0, T]" to "s, si, S2 G [0, oo)" in (H.2)*. 

(H.9). Change "/i e Ri" to "/i > with 2fi~K~p{2p - 1) Lj > 0" , "s G [0, T]" to "s e [0, oo)" 

and "< ^l\yl - ysP" to "< -fi\y, - ysP" in (H.3). 

Remark 6.1 From Conditions (H.7) and (H.8), for any given K > 0, we can deduce 

/ / e-'<%\f{s,x,0)\'P + {Y,\9j{s,x,0)r}np-\x)dxds 
Jo Ju^ 

<CJ / e-^^(|/o(5,x)pP + (^L2)V^' + (^L2)^'|x|2p + (^|g,(0,0,0)p)^')p-i(x)da;ds<oo. 

Then we have the existence and uniqueness theorem for BDSDE (|2.8p : 

Theorem 6.2 Under Conditions (H.5)-(H.9), BDSDE ( fO)) has a unique solution (K*' , Z.*' ) G 
S^P'-^r\ApP'-^{[t,oo];LlP(R'^;R^)) x M2^-^([t, oo]; ^^(Rd; Rd)). 

Proof. Here we only prove the existence of solution as the uniqueness is similar to the proof of uniqueness 
in Theorem 13.21 For the same reason of Remark 12.51 for a.e. x, {Y^'^ , Zl'^) satisfies (12. 8p is equivalent 
to that for arbitrary (p £ C^"(M'';Mi), (i;*'^,Z*'^) satisfies 

e-K'^Y,*^^ip{x)dx^ I I e-^''f{r,Xl.'^,Y^''')if{x)dxdr+ / Kq-^'-Y^^'' ^{x)dxdr 

Js JE<* 

-■^''(7(r, X^'^ Y^'^)ip{x)dxd'' Br 

a-^''Z'r'''ip{x)dx,dWr) P-a.s. (6.1) 
For each n G N, we define a sequence of BDSDEs by setting h = and T = n in BDSDE 
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pn pn pn 



It is easy to verify that BDSDE (I6.2p satisfies conditions of Theorem 15.21 Hence, for each n, there 



exists e S'2p^^-^([i,n];L2p(M^;Mi)) x M"^'-^ {[t,n]; Ll(W^;W^)) and (yj,^,", z*'^-") is 



the unique solution of BDSDE Therefore, for arbitrary ip £ C°(R'^;Ri), (F,*'^'", Z*'^'") satisfies 

e-^"y,*'"'"(^(x)dx = / / e-'^''f{r,Xl'''X'"'')v{x)dxdr+ f f Ke-^''Y^'^'''^{x)dxdr 

Js Js.'' 

(I e-''^''Z*''''"ip{x)dx,dWr) P-a.s. (6.3) 



Let (y,",Z,"),>„ = (0,0). Then (K*^'^", Z.*'''") e ^^p,-^ Q Af 2p,-if([i^ g^); L2p(K'i. j^i)) x^2,-kq^^ 
L^(M'*; R'*)). We use a similar argument as in the proof of Theorem 5.1 in [28] to prove that 
(K*'-'", Z.*'-'") is a Cauchy sequence in ^^^'"^ f] M'^P^-^{[t, oo)-Lf{m.'^- R^)) xM2.-^([t, cx)); ^^(K'i; R-^)). 
Assume without loss of any generality m > n. On the interval [n, m], by Conditions (H.5), (H.7)-(H.9) 
we can prove that 

{2p^i~K -p{2p-l)y^Lj~e)E[ / e-^'-\Y^^'''''' -Y^'^'^^'f^ p~\x)dxdr] 

Jn Jw 

+p{2p - l)E[ / / e--f^n^r - ^" - Z*''=^"\^p~\x)dxdr] 

Pin p 

<Cp / e-^''(|/(r,x,0)pP + (V|5^(r,a;,0)nP)p-i(x)da;dr — ^0 asm,n^oo. 

By above estimates and B-D-G inequality, we further have 

E[ sup / Q-Ks^Yl^x,m _ Yl^'^^''\^Pp~^{x)dx] -^0 as m, n ^ oo. 

n<s<m Jr<i 

On the interval [t,n\, a similar calculation, together with (|6.4p . leads to 

{2pp- K -p{2p~\)y^Lj)E[ / e-^n^r'"'™->"r'"^"l'V(a;)rfa;'^'-] 

<£;[/" e-f^"|y„*'^'"|2Pp"^(x)dx] ^0 as m,n ^ (30, 



(6.4) 



and 



E[ sup /" e-^^'li;*'^''" - i;*'^'"|2Pp-i(x)da;] -^0 as m,n ^ c5o. 

t<s<n jRd 

Taking account of calculations on both [t,n] and [n,m] we know that (y^t.^:."^ jg Cauchy 

sequence in S^P''^ f] ApP'-^{[t, oo); L^PiR'^; R^)) x M^^-^{[t, oo); L2(R^; R^)). Let (F/-^, Z*^^) be the 
hmit of (i;*.^.", Z*^^'"), then we show that (i;*'^, Z*^^) is a solution of BDSDE JMl)- We only need to 
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verify that (y^*^^, Z*'^) satisfies (|6.f I) . For this, we prove that along a subsequence (|6.3I) converges to 
(|6.f I) in i^(J?;M^) term by term as rt — ?> oo. Here we only check the drift term which is of polynomial 
growth, i.e. we show that along a subsequence, as n cxi, 



Js JW Js Jr'' 

For this, note that for arbitrary < S < 1, 

/ e''''-f{r,Xl'\Y:,-nv{x)dxdT- / e-^'-/(r, >;*'")</^(x)dxc;r|] 

JK'' Js JR'' 

Js Js.'' 

+CpE[r [ e-''^{\fo{r,Xl'n\' + K'n''np-H^)dxdr]. (6.5) 



Both terms on the right hand side of the above inequality converge to along a subsequence as n — > cxd. 
The convergence of the first term in (j6.5p is not obvious, but can be deduced similarly as the proof of 
(|5.6p . After verifying other terms of (|6.3p converges to the corresponding terms of (|6.ip in L^{f2;M.^) 
as n — 7> oo, we can see that (F^*'^, Z*'^) satisfies (|6.ip and the proof of Theorem 16.21 is completed. o 

Remark 6.3 The uniqueness of solution of BDSDE \2.8\) implies if {Y , Z) is another solution, then 
Yg'' = Yg'' for all s > t a.s. and Z\y — Z*'' for a.e. s >t a.s. But we can modify the Z at the measure 
zero exceptional set of s s.t. Z\y — Z*'' for all s > t a.s. 

Consider the case when / and g are time-independent coefficients. 

Corollary 6.4 Under Conditions (H.5)-(H.9), BDSDE {2. 7[ ) has a unique solution (K*' , Z.*' ) in the 

space S'2P'--^'nM2p^--^([<,oo];L2p(M'i;Mi)) x M'^^-'^{[t,oo\;Ll{W^-,W^)). 

We construct a measurable metric dynamical system through defining a measurable and probability 
preserving shift operator. Let 9t ^ 9[o 6*", i > 0, where 6'1 : Q — > Q are measurable mappings on 
{n, ^, P) defined by 

rii I B \ I Bg+t — Bt\ nil ( B \ , ^ ( B 



Then for any s, i > 0, (i). P = 6tP\ (ii). 9q — /, where / is the identity transformation on i7; (iii). 
9s o 9t ^ 9s+t- Also for an arbitrary ^ measurable and i > 0, set 

9to^{uj) = 4>{9t{uj)). 

For any r > 0, applying 9r to SDE ()2.2p . by the uniqueness of the solution and a perfection procedure 
(cf. Arnold [1]) we have 

9r o Xl'- = 9'; o X*'- = XlXV for all r, s,t>Q a.s. 
Firstly, we consider the stationarity of BDSDE (|2.7p . which is equivalent to 
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J S J S J S 

lim e--^^y*'"= = a.s. 

T->oo ^ 

Theorem 6.5 Under Conditions (H.5)-(H.9), let (y*'"^,Z*'^) be the solution of BDSDE [2l\ ), then 
(y/'^j Zl'^) satisfies for any t > 0, 

0r o y*'- = yj^+r--, Or o Zl'- = Zf+p' for all r > 0, s > < a.s. 



In particular, for any t > 0, 



9; o y/'- = y/_+r'- for all r > a.s. (6.6) 



The proof is similar to the proof of Theorem 1.7 in (29^. So it is omitted in this paper. 

If we regard y/' as a function of t, (|6.6p gives a "crude" stationary property of y/''. To make the 
"crude" stationary property "perfect", we need to prove the a.s. continuity of t — > y/' to obtain one 
indistinguishable version of y/' with "perfect" stationary property w.r.t. 9. As the a.s. continuity can 
be similarly proved if one follows the arguments of Theorem 2.11 in |28| . here we leave out the proof. 
Hence it comes without a surprise that 

Theorem 6.6 Under Conditions (H.5)-(H.9), let (y^*'^,^*'^) be the solution of BDSDE (2^. Then 
'' satisfies the "perfect" stationary property w.r.t. 6' , i.e. 

6»; o y/^- = y/+;^- for all t,r>0 a.s. (6.7) 



We can further prove an estimate following the proof of Lemma [ 

Lemma 6.7 Under Conditions (H.5)-(H.9), if {Y*'\Z^'') is the solution of BDSDE (2^, then we 
have 

E[ sup f e-^'\Y*'''\^Pp-^{x)dx]+E[f f e-^'\Y*'''\^Pp-^{x)dxds] 

+ supE[ / e-'^^\Y,*''=f'''^\Zl''=\^ p-\x)dxds]+ sup E[{ / e'"^ iZl^'^]^ p'\x)dxds) 

n Jt Jw ri Jt JRrf 



< 00. 



Consider BDSDE (|2.7I) and its solution y*'' on [t, T] . We choose B as the time reversal of B from time 
T', i.e. Bs ~ Bt'-s — Bt' for s > 0. Note that the random variable Y^, is ^ measurable which 
is independent of . Changing variable in SPDE (II. ip . we can deduce from the Correspondence 
Theorem [Ql and Remark [CTl that v{t, •) = u{T' - •) = Yr'-t' is a weak solution of SPDE pTTI) on 
[0,T'] if satisfies Condition (H.4). Note Yrp^ — Yrp' ^ , so Condition (H.4) reads as 

(H.4)*. E[J^, \Y^r^fPp-^{x)dx] < L{r) and E[^^, \Y^,'^ - Y^f\'> p-\x)dx] < L{T')\t' - t\i for 
2 < 9 < 8p and X defined in (|2.2p . where L{T') is a constant which can depend on T' . 

Lemma 6.8 Let (y^*'^, Z*'=") be the solution of BDSDE (fO). Then for arbitrary T' , Y^,''"" satisfies 



Condition (H.4)*. 

Proof It follows immediately from Lemmas [2J] and [6J] that E[J^^ \Y^' •''fP p''^{x)dx] < L{T'). The 
proof of E[j^^ |y//'' - Y^f\'ip-^{x)dx] < L{T')\t' ~ t\i is similar to Lemma 6.2 in [H]. O 
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We can further prove a claim that v{t, •) ~ Y^,Zt' does not depend on the choice of T' as done in 
On the probabihty space (/?,^,P), we define dt : f2 — > f2, t gM.^, a.s the shift operator of 
Brownian motion B: 

OtoBs= Bs+t — Bt, 

then 9 satisfies the usual conditions: (i). P — P o 9t] (ii). 6*0 — /; (iii). 9s° 9t = 9s+t- Noticing that 
B is chosen as the time reversal of B and B, W are independent, we can define 9, served as the shift 
operator of B and W, to be 9t = {9t)^^ ° d'/, t > 0. Actually i? is a two-sided Brownian motion, so 
{9t)~^ — 9^t is well defined (see [1]) and it is easy to see that 9f = {9t)^^, t E R^, is a shift operator 
of B. 

Since v{t, •) = u{T' -t,-) = Y^'.Zf'' a.s., so by ((gTl) . 

9rv{t, •, w) = 9'_^u{T' — t, •, uj) = 9'_^9'j,u{T' — t — r^-^uj) = u{T' — t — r,-,Cj) = v{t + r, •, w), 

for all r > and T' > t + r a.s. In particular, let Y{-,uj) — v{0, -,0;) — Y^, ' (uj), then the above formula 
implies: 

9tY{-,uj) = Y{-,9tLu) = v{t,-,Lu) = v{t,-,Lu,v{0,-,uj)) = v{t, ■,uj,Y{-,lu)) for aU t > a.s. 

That is to say v{t,-,u)) = Y{-,9tLo) = Y^,Zt''{<^) is a stationary solution of SPDE (11.11) w.r.t. 9. 
Therefore we obtain 

Theorem 6.9 Under Conditions (H.5)-(H.9), for arbitrary T' and t G [0,T'], let v(t,-) = Y^'Zt'' , 
where {Y. ' , Z. ' ) is the solution of BDSDE \2. ?[ ) with Bs — Bt'-s — Bt' for all s > 0. Then v{t, •) is 
a ''perfect" stationary solution of SPDE U.l\) independent of the choice of T' . 

It is not difficult to see that in the proof of Theorem 16.21 there is no need to take h = 0. In 
fact we can consider BDSDE (|2.3p with an arbitrary h satisfying Condition (H.4). Its solution is 
denoted by Y^'^''^{h). Then under the same conditions as in Theorem 16. 9[ following the same pro- 
cedure of this section, we can prove without real difficulty that — )■ K*'' as T — 00 in 
S^P^-i^ ^M'^P^-^ {[t,oo\\LlP{m.'^\m}-)) and K*'' is the solution of infinite horizon BDSDE dUT]). This 
implies that Yl''''^{h) — > Y^'' as T -> 00 in L^P{Q;Lj'{W^;m})). In particular, from previous result 
of this section, we have 

Yt''-!''''^W — ^ ^T'-!'' = •) = Yi^f) and Y^'---^{h) Y^r' = Y{-). 

Noticing the correspondence of the solution of BDSDE (|2.3I) and the solution of the SPDE (|2.ip in 
Theorem l5.3[ we have ' ''^{h, uj) — u{T' , h, uj). Note the correspondence of the forward SPDE (|l.ll) 
and the backward SPDE (|2.1I) . Denote uj'^ the time reversal Brownian motion of B at time T. Then 

viT - T', h, 9_^T-T')UJ) = u{T - (T - T'), h, 9j^,jJ) = u{T\ h, uj) = 

since 



{0-(T-T')Uj'^)is) = {9^(T-T')Uj)iT - s) - {9_(^T-T')UJ){T) 

= uj{-(T -T')+T- s) - Lo{-{T - T') +T)= uj{T' - s) - lu{T') ^ uj{s). 
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Therefore as T ^ oo, v{T -T',h,e_(^T-T')-) =Y^''''^{h) — >¥{■) in L^P{n; LIp{R'^;R^)). The result 
does not depend on the choice of T'. So we have proved 

Theorem 6.10 Assume all conditions in Theorem 1 6'. 9\ and h satisfies Condition (H.4). Then as T ^ 
oo, v{T, h, e_T^) — > ¥{■) in L'^p{[2; Lf{W^; M})), and Y{0tuj) is the stationary solution of the SPDE 

Remark 6.11 The result in Theorem \6.10\ is also valid under the conditions in J28'l and \29i/ respec- 
tively. 
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